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Abstract We discuss the Aharonov-Bohm (A — B) effect and the Dirac (D) monopole of magnetic
charge g = % in the context of bundle theory, which allows to exhibit a deep geometric relation
between them. If £4_p and p are the respective U(1)-bundles, we show that £4_p is isomorphic
to the pull-back of £p induced by the inclusion of the corresponding base spaces. The fact that the
A — B effect disappears when the magnetic flux in the solenoid equals an integer number of times
the quantum of flux associated with the unit of electric charge, reflects here as a consequence of the

pull-back of the Dirac connection in £p to £4—p, and the Dirac quantization condition.
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1 Introduction

As is well known, the Aharonov-Bohm (A — B) effect [1] and the Dirac (D) magnetic monopole [2],[3]
proposal have had a profound influence on the development of the gauge theories of fundamental
interactions. The first one of these phenomena was immediately verified experimentally [4] and by many
others later on [5], while even if Dirac monopoles have not yet being seen in Nature, both grand unified
theories [6] and string theories [7] predict their existence.

The description of both the A — B effect and the D monopole are deeply rooted in the concept of
gauge potential and therefore in the concept of connection in fiber bundles. The first one provides an
explicit evidence of the non-local character of quantum mechanics describing the motion of electrically
charged particles in a non-simply connected space [8],[9], while the second one makes unavoidable the use
of at least two charts on manifolds to define the gauge potential, leading to the necessity of a description
in terms of a non-trivial bundle [10].

The close relationship between both phenomena consists in the facts that when the magnetic flux
@4 _p is an integer multiple of the quantum of flux &y = ‘27” associated with the electric charge |e|, the
A — B effect vanishes, and when @4_pg also equals the magnetic flux of the monopole, @, the Dirac
quantization condition (D.Q.C.) follows. In this note we want to emphasize this relation at a perhaps
deeper level, namely through the relationship between the fiber bundles €4 p (trivial) and £p (non-trivial)
in which both phenomena occur. After some basic material in section 2., in section 3. we exhibit the
bundle morphism &£4_p — £p induced by the inclusion ¢ between the corresponding base spaces, and in
section 4. we use ¢ to construct the pull-back bundle ¢*(£p), which in turn is proved, in section 5., to be
isomorphic to £4_p i.e.

a—B =1 (€p). (1)

This is the main result of the present paper, since it exhibits a deep geometric relation between the
A — B effect and the magnetic monopole. Of course, the pull-back of the first Chern class ¢; of {p, t*(c1),
vanishes in £4_p, what is proved in section 6. In section 7. we show that the pull-back of the Dirac
connection from &p to £4_p leads to the vanishing of the A — B effect when the D.Q.C. holds, thus
setting on purely geometric grounds, one of the basic relations between A — B and D. Section 8 is devoted
to final comments.

We use the natural system of units A =c¢ = 1.
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2 Basics

In Ref. [8], the U(1)-bundle associated with the A — B effect [1] with an infinitesimally thin and infinitely
long solenoid was shown to be the product -and therefore trivial- bundle

amp St = (I5)" = (DY)” (2)

where S' = U(1) = {z € C, |z| = 1} is the structure group, (D3)* is the punctured open disk in two
dimensions, (T3)* = (D3)* x S! is the open solid 2-torus minus a circle, and pry is the projection in the
first entry. One has the homeomorphisms (D2)* = (R?)* = R? \ {0} = C* = C\ {0}. The reason for
(2) is that, in the above conditions, by symmetry reasons the space available to the electrically charged
particles (“electrons') moving around the solenoid is (R?)* which is of the same homotopy type as the
circle S*. Then the set of isomorphism classes of U(1)-bundles over (R?)* consists of only one element
[11]: the class of the product (trivial) bundle (73)*.

On the other hand, the fiber bundles associated with Dirac monopoles [2],[3] of magnetic charge
g = #k with k an integer and # a number depending on units, are the Hopf bundles [10],[12]

WSt p s g2 (3)

where Pj = 52 x S! (the trivial bundle), P2 = P3,  S? is the 2-sphere with S? 2 R? U {oo} 2 C U {cc}.
In particular, we are interested in the case k = 1 for which P = S3: the 3-sphere given by

93 = {(2’1,22) S (CQ, ‘Zl|2 + |2’2|2 = 1}, (4)

w3 = 7 is the Hopf map [13]

7280 8 (1) o mlen,m) = {2 20 (5)

We denote this non-trivial bundle £p:
S)E§D:51—>53i>52. (6)

The global connection on £p corresponding to g = % (# = % and k = 1) is the 1-form w € 2193 @ u(1),
with u(1) = Lie(U(1)) = iR, given by [14]

w= %(dx + cosBdyp), (7)

where x, 6 and ¢ are the Euler angles in S? or R? (0 € [0, 7] and x, ¢ € [0,27)). The differential of w is
the 2-form

dw = —%sz’n&d@ Ndp=—F € 225° @ u(1) (8)
where F' is the field strength
F = i|B|sinfdf N dy (9)
with 1
r
B=(2)—= 10
(3)% (10)
the magnetic field of the monopole in R3\ {0} (see below).
w can be read from the squared length element on S3:
1
diZs(x, 0, ) = Z(do2 + sin*0dp? + (dx + cosfdp)?) (11)
which, in turn, can be obtained from the identification of S® with the group SU(2) with elements
z1 22\ e%(?“‘)cosg e%_(“"_X)sing (12)
—Zz1)  \—e 20 Wsind e3¢+ cos8 )
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Covering S? with the open sets U, and U_ respectively defined by 6 € [0,7) (the south pole S
excluded) and 6 € (0, 7] (the north pole N excluded), considering the pull-back of w to S?\ {N, S} with
the local sections

sy U\ {N} = 83, sy(n) = (cosg, singew), (13a)
3 . 0 i .. 0
sg:U_\{S} = 5°, ss(n) = (cosge “",smi), (13b)

with 7 = (sinfcosy, sinfsing, cosf), using the inclusion

j: 8% 5 R J(z1,22) = (x1, 22, 23, 24)

X)cosg, sin((p ;— X)cosg7 cos(sp ; X)sing, sin((p _ X)sing), (14)

and defining the 1-form & € 2'R* ® u(1) through

= (cos(

0= i(:z:lsz — 22dat — 23dat + 174dI3), (15)

one can prove that j*(©) = w and that s} g(w) are the usual local 1-forms A on S?, namely
* . * [ ~. {
A4(0,9) = sy(W)(0,0) = (j o sn)"(@)(0,9) = —5 (1 — cosb)dy, (16a)

* . ./~ 7
A-(0,¢) = s5(w)(0, ) = (j 0 55)"(@) (0, ¢) = 5 (1 + cosb)dyp. (16b)
The corresponding u(1)-valued 3-vector potentials are

1 —cosf 1+ cost

Ay = orsing T T T orsing ¥ (17a)
defined also at § =0 (Ay) and 6 =7 (A_):
A, (0=0=A_(=7m)=0 (17b)

and on a 2-sphere of arbitrary radius r» > 0. Clearly, the rotor of A, and A_ gives the magnetic field B.
The first Chern class of {p (taking S? with unit radius) is given by

1

T o

c1(ép) [F] (18)

where [F] is the cohomology class of F' in H 2(8?): cohomology of the 2-sphere in dimension 2. The
integral of 5= F over 52 gives the first Chern number of £p:
K . (19)
2T S2 -

This means that the magnetic charge is a measure of the topological non-triviality of the bundle £p i.e. of
the space where it “lives". In other words, the monopole charge is not a property of the gauge field A
itself, but of the U(1)-bundle on which the monopole is a connection.

3 Bundle Morphism &4 — &p
Using the homeomorphisms (D32)* = C* and S? = C U {00}, it can be easily verified that (,z) given by
t:C* - CU{oo}, t(z) =% (20)

and

1:C* xSt = 83 i(z,e") = el (21)

Copyright © 2018 Isaac Scientific Publishing TP



86 Theoretical Physics, Vol. 3, No. 3, September 2018

with [|(z,1)]| = /1 + |2|?, and (¥a—p,¥p) the right actions

Ya—p: (C"x 81 x 81 = C* x 8, Ya_p((ze),e”) = (z,e*) (22)
and ‘ ‘ ‘
¥p 2 8% x S = %, Pp((21,22),€7) = (2167, 22¢™) (23)
is the unique bundle morphism
§a-B — €D (24)
induced by the inclusion ¢ i.e.
Tor=10pr (25)
and
Ypo(txIdsi)=t0ota_p (26)

namely, with lower and upper parts of Diagram 1 commuting.
(C* x §1) x §1 L% g8 5 g1
Ya-p . L¥p
C* x St BN S3
prid U
Cc* 5 CuU{oo}

Diagram 1
In fact:

~
(e]
bS]
=
—
—~
n
9]
.
€
~—
|
~
— —_
IS
~
Il
N

_ 7 i _ i Z,l i
rota_p((z,€%),e?) = i(z,e¥TN) = Me (o)

4 Pull-back of &p by ¢: v*(€p)

The total space of the induced or pull-back bundle [14] of £p by ¢, t*(€p) : ST — Po-(¢p) Py €, is defined
by
Pe(ep) = {(2,(21,22)) € C" x 8%, u(2) = m(21, 22)} (27)

and must be such that both the upper and lower parts of Diagram 2 commute i.e. such that (¢,prs) is a
bundle morphism ¢*(§p) — £p. In Diagram 2, pry is the projection in the second entry, and

Pien) : Por(en) X 8T = Poep), Yoren) (2, (21, 22)),€7) = (2, (21, 22)€™) (28)

is the right action of S* on P ).

Id
PL*(§D) x Sl pT2><_>S1 g3 % g1

U ep) + 1 ¥p
Prep) Rkt S8
prid im
c* 5 CuU{oo}
Diagram 2
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From
Lopry =mTopry (29)
one has:
vopri((2, (21,22)) = 1(2) = 2,
™ OPTQ((Z, (21,22)) = 7T(2’17 22) = Z1/Z2,
S0 21 = 292z and ||(21, 22)|| = 1 implies (21, 22) = ng’};‘lei‘p. Then,

1 .
Pepy = {(2, ||Ez’1§|ew), z€C* pel0,2m)} Cc C* x S5 (30)
Z7

On the other hand, it holds
Yp o (pro x Idgi) =prao,«(cp)- (31)
In fact:
Yp o (pro x Idg)((z, (21, 22)), €) = ¥p((21, 22)e™) = (z1€™, z0e™),

Pra o ¥, (ep) (2, (21, 22)), €)= pra((2, (21, 22)€™)) = (21, 22)€™ = (216", 22¢™).

5 Bundle Isomorphism: ¢*(&p) = €i_B

In this section we exhibit a “natural' isomorphism between the A — B bundle and the pull-back by
the inclusion ¢ : C* — C U {oo} (i.e. ¢ : (D3)* — S? up to homeomorphisms) of the Dirac bundle £p
corresponding to unit magnetic charge, thus establishing a deep relation between the two systems (A — B:
experimentally observed, and D: only theoretical, up to now).

The homeomorphism between the total spaces of the bundles is given by

U Py — C xS, (e, Mew) = (z,€"). (32)
2,

It is clear that ¥ is continuous, one-to-one and onto, with continuous inverse 1. It is easily verified
that Diagram 3, corresponding to this isomorphism, commutes in its upper and lower parts i.e.

prioW = Idex o pry (33)
and
Ya—po (W x Ids1) =V o,y (34)
Preny x ST (€ x 81 x 5
Yur(ep) + 1vYa_B
P,y C*x 8!
prid 1 pr
c* fdes C*
Diagram 3
In fact:

pr1o¥(z, e 1)”6“”) = prl(z,ew) =z,
z,1)
Idcs o pri(z, |EZ 1;”6 ) = Ide«(2) = z;
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6 Chern Classes

£a_p is the pull-back of £p by the inclusion ¢ : (D2)* — S2%; however, since £4_p is trivial, then all its
Chern classes must vanish. Then, in particular, we must verify the vanishing of the pull-back of ¢;.
Ea—p = 1" (&p) passes to cohomology [15] in the form

H*(S%) — H*((Dg)") (35a)
v v HR(S?) — HY((D?2)"), k=0,1,2 (35b)
e H*(S%) = (H°(S?), H'(S?), H*(5%)) = (R,0,R) (36)
" H*((D§)") = (H((D§)"), H'((D§)"), H*((D§)")) = (R, R, 0) (37)

are the cohomology groups of the 2-sphere and the punctured disk respectively. H*((D3)*) = H*(S') by
homotopy invariance. Since ¢; € H2(S?), then

t*(c1) = 0. (38)

7 Pull-back of the Dirac Connection and Vanishing of the A — B Effect

In terms of the cartesian coordinates in R?, (x,y,2) = r(sinfcosyp, sinfsing, cosf) with 0 € (0,7) and
¢ € [0,27) which implies (x,y, z) # (0,0, z), the monopole potentials Ay of equations (16a) and (16b)
are given by

As(x,y,2) = (Ax)odz + (As)ydy (39)
with
) Y z - 3 T z

(40)
(Notice that [(A1),] = [(Ax)y] = [L]7! since [2] = [y] = [2] = [L] while [A4] = [L]°, L: length.)
To pull-back by ¢ these 1-forms to (D32)* we must first restrict AL to 2 = 0 and then perform the
pull-back operation, which reduces to the identity:

. i ydr — xzdy
V(Ax(z,y,0)) = 2(w) = iax(z,y) (41)
ith
. 1, zdy — ydx
at(z,y) = 5(w) (42)

the real-valued A — B potential 1-forms. Clearly, ay are closed (day = 0) but not exact since ax = :F%d(p
only for ¢ € (0,2m). If we surround the thin solenoid in the A — B side with closed curves 4 with
= —74, then the surrounded magnetic flux is

Dy Bf/ a++/ a— /a++/ —ay) /a+ / —aq) 72/ a+72/ (ffdgo)
T+ T+ T+ T+ T+ T+

(43)

which coincides, up to a sign, with the flux of the monopole:

1 7o 1
b — B= (= — = (2)4n = 2m. 44
D 52 ( 2 ) g2 T2 ( 2 ) 0 ™ ( )
But this implies that the A — B effect vanishes if and only if the value of the electric charge |e| is an
integer: the D.Q.C. for the present case where g = 1 In fact, with @, = | ‘ the quantum of magnetic
flux associated with the charge |e|, the phase change of the wave function in the A — B experiment due
to the presence of magnetic flux is

e—ile‘dsA—B _. o ,3505 _ egmi—fl’ _ ei|e|(%)47r _ e27ri|e| -1 |e| =neZ. (45)

(For arbitrary g, the D.Q.C. would be |e|]g = 5.)
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8 Final Comments

It is well known that the A — B effect and the Dirac monopole are closed related [16]; in particular the
disappearance of the Dirac string simultaneously with the vanishing of the A — B effect when appropriate
conditions of the magnetic fluxes are fulfilled [17]. In the present paper, the above relation has been
described in the context of the fiber bundles associated with both phenomena, respectively £4_p (trivial)
and £p (non-trivial Hopf bundle). The remarkable fact is that £4_p turns out to be the pull-back of
&p by the inclusion ¢ of the corresponding base spaces, which allows to discuss the above relation in a
purely geometric language. It would be interesting to investigate if this bundle theoretic relation exists in
non-abelian cases.

Acknowledgments. The author thanks Gregory L. Naber and Sebastidn Najera Valencia for useful and
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