
 Hypersurface-Homogeneous Universe with Λ in f(R,T) Gravity 
by Hybrid Expansion Law 

A.Y.Shaikh1, K.S.Wankhade2* 

 1Department of Mathematics, Indira Gandhi Mahavidyalaya, Ralegaon-445402.India. 
2*Department of Mathematics, Y.C.Science College, Mangrulpir. India. 

Email: shaikh_2324ay@yahoo.com 

Abstract. In the present study we investigate, Hypersurface-Homogeneous cosmological model in 
f(R,T) theory of gravity with a term Λ. We obtain the gravitational field equations in the metric 
formalism, which follow from the covariant divergence of the stress-energy tensor. The field equations 
correspond for a specific choice of f(R,T)=f1(R)+f2(T), with the individual superior functions 
f1(R)=λR and f2(T)=λT. In this paper, we consider a simple form of expansion history of Universe 
referred to as the hybrid expansion law − a product of power-law and exponential type of functions. 
Einstein’s field equations have been solved by taking into account the hybrid expansion law for scale 
factor that yields time dependent deceleration parameter (DP). Some physical and geometric 
properties of the model along with physical acceptability of the solutions have also been discussed in 
detail. 

Keywords: Hypersurface-Homogeneous universe, variable cosmological constant, modified theory of 
gravity. 
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1   Introduction 

The analysis of observational data shows that our Universe for later stages of evolution indicates 
accelerated expansion. This conclusion is based on the observations of high redshift type SN Ia 
supernovae [1–4]. Recent astronomical observations indicate that about 70 % of the Universe consists of 
dark energy with negative pressure .In recent years, modified gravities have recently been verified to 
explain the late-time accelerated expansion of the Universe. Different modified theories of gravitation 
are ( )f R  gravity [5-8] and Gauss–Bonnet gravity or ( )f G  gravity [9-12]. Another approach to 
modified gravity is so-called ( )f T  gravity [13-15], where T is the scalar torsion. Recently, Harko et al. 
[16] proposed ( , )f R T  gravity theory by taking into account the gravitational Lagrangian as the 
function of Ricci scalar R and of the trace of energy-stress tensor T. They have obtained the equation of 
motion of test particle and the gravitational field equation in metric formalism both. The ( , )f R T  
gravity models could justify the late time cosmic accelerated enlargement of the Universe. Many 
Authors [17-46] studied completely different cosmological models in ( , )f R T  theory of gravity. 

Motivated by the above observational facts, in this paper, we propose to study cosmological model 
represented by Hypersurface -Homogenous reference system for perfect fluid distribution within the 
framework of ( , )f R T  gravity. We choose a specific choice of the functional ( ) ( ) ( )1 2,f R T f R f T= +  
with ( )1f R Rλ=  and ( )2f T Tλ= . 

2   Gravitational Field Equations of Modified Gravity Theory 

The ( , )f R T  theory of gravity is the modification of General Relativity (GR). In this theory the 
modified gravity action is given by 
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16 ms f R T g d x L g d x
π

= − + −∫ ∫   (1) 

where ( , )f R T  is an arbitrary function of the Ricci scalar R  and the trace T  of the stress energy 
tensor ijT  of the matter, mL  is the matter Lagrangian density. If ( , )f R T  is replaced by ( )f R , we get 
the action for ( )f R  gravity and replacement of ( , )f R T  by R  leads to the action of general relativity.  

Varying the action S  about metric tensor ijg , the field equations of ( , )f R T  gravity are obtained as 

 ( ) ( ) ( ) ( ) ( )1( , ) , , 8 , - ,
2

i
R ij ij R ij i i j ij T ij T ijf R T R f R T g f R T g T f R T T f R Tπ θ− + ∇ ∇ − ∇ ∇ = −   (2) 
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= , i∇  is the co-variant derivative and ijT  is the standard 

matter energy momentum tensor derived from the Lagrangian mL . 
If the matter is regarded as a perfect fluid the stress energy tensor of the matter Lagrangian is given 

by ( )ij i j ijT p u u pgρ= + − . Here (0,0,0,1)iu =  is the velocity vector in co-moving coordinates that 
satisfies the condition 1i

iu u =  and 0i
j iu u∇ = . Here , pρ  are energy density and pressure of the 

fluid respectively. 
For perfect fluid, the matter Lagrangian density may have two choices either mL p= −  or mL ρ=  

that has widely been studied in literature [47-49]. Here we have assumed the matter Lagrangian as 
mL p= − . Now ijθ  in equation (3) can be reduced to 

 2ij ij ijT g pθ = − −   (4) 
It is mentioned here that this field equation depends on the physical nature of the matter field. There 

are three classes of these models 
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We consider it in the form 1 2( , ) ( ) ( )f R T f R f T= +  with 1( )f R Rλ=  and 2( )f T Tλ= , where λ  is an 
arbitrary constant. 

The field equations (2), for the specific choice of ( , ) ( )f R T R Tλ= + , reduces to 

  8 1
2ij ij ijG T p T gπ λ

λ
   +

= + +   
   

  (6) 

We choose a small negative value for the arbitrary λ  to draw a better analogy with the usual 
Einstein field equations and we intend to keep this choice of λ  throughout.  

We have the Einstein field equation with cosmological constant as 
 8ij ij ijG g Tπ− Λ = −   (7) 

Comparing equations (6) and (7), we yield 

 ( ) 1
2

T p TΛ = Λ = +   (8) 

and 

 88 π λπ
λ
+

=   (9) 

The dependence of the cosmological constant Λ  on the trace of the energy momentum tensor T  
has been proposed before by Poplawski [50] where the cosmological constant in the gravitational 
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Lagrangian is considered as a function of the trace of the energy-momentum tensor. Since we have 
considered the perfect fluid as the source, according to Poplawski [51], the trace of energy-momentum 
tensor is function of isotropic pressure and energy density i.e. 
 3T p ρ= − +   (10) 

3   Metric and Field Equations 

We consider the Hypersurface-homogeneous space time of the form, 
 2 2 2 2 2 2 2 2( ) ( ) ( , )ds dt A t dx B t dy y K dz = − − + ∑    (11) 

where ( )A t  and ( )B t  are the cosmic scale functions, ( , ) sin , , sinhy K y y y∑ =  respectively when 
1,  0,  1K = − . 

Stewart and Ellis[52] obtained general solutions of Einstein’s field equations for a perfect fluid 
distribution satisfying a barotropic equation of state for the Hypersurface-homogeneous space time. Hajj-
Boutros [53] developed a method to find exact solutions of field equations in case of the metric (11) in 
presence of perfect fluid and obtained exact solutions of the field equations which add to the rare 
solutions not satisfying the barotropic equation of state. Hypersurface-homogeneous bulk viscous fluid 
cosmological models with time-dependent cosmological term have been discussed by Chandel et al. [54]. 
Katore and Shaikh [55] obtained the exact solutions of the field equations for Hypersurface-homogeneous 
space time under the assumption on the anisotropy of the fluid (dark energy), which are obtained for 
exponential and power-law volumetric expansions in a scalar-tensor theory of gravitation. Katore and 
Shaikh [56] presented a class of solutions of Einstein’s field equations describing two-fluid models of the 
universe in Hypersurface-Homogenous space time. 

In a co-moving coordinate system, the field equations (8), for the metric (11), can be explicitly written 
as 
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where an overhead dot hereafter, denotes ordinary differentiation with respect to cosmic time t only. 
The trace in our model is given by equation (10) i.e. 3T p ρ= − + , so that the effective cosmological 
constant in equation (8) reduces to 

 ( )1
2

pρΛ = −   (15) 

The spatial volume is given by 
 3 2V a AB= =   (16) 
where a is the mean scale factor. 

4   Solution of Field Equations 

The anisotropy of the expansion can be parameterized after defining the directional Hubble parameters 
and the mean Hubble parameter of the expansion. The directional Hubble parameters, which determine 
the universe expansion rates in the directions of the , ,x y z  axes, are defined as 

 ,x y z
A BH H H
A B

= = =
� �

  (17) 

and for the average scale factor 
1

2 3( )a AB= , the Hubble parameter H , that determines the volume 
expansion rate of the universe , can be generalized to anisotropic cosmological models: 
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The physical quantities of observational interest are the expansion scalar θ , the average anisotropy 
parameter mA  and the shear scalar 2σ . These are defined as 

 : 2i
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 2 23
2 mA Hσ =   (21) 

Now we have a set of three equations with five unknown functions , , , ,A B p ρ Λ . To get a 
determinate solution of field equations, we need extra conditions. One can introduce more conditions 
either by an assumption corresponding to some physical situation of an arbitrary mathematical 

supposition. Pradhan et. al. [57] discussed the law of variation of scale factor 
1

( )k t na t e=  which yields a 
time-dependent deceleration parameter (DP). 

We consider the generalized hybrid expansion law for scale factor as following 

 
1

( )n kt ma t e=   (22) 
where, m, n and k are non-negative constants. The proposed law gives the time dependent deceleration 
parameter (DP) which describes the transitioning universe. The scale factor given by Eq. (22) yields a 
time-dependent deceleration parameter which exhibits a transition of the universe from the early 
decelerating phase to the present accelerating phase. 

We also assume that the Expansion Scalar θ  is proportional to the Shear Scalar σ  which gives us 
 A Bα=   (23) 
where α  is a constant.  

The work of Thorne [58] motivates us to consider such assumption given by Eq. (23). According to 
him, observations of velocity red shift relation for extragalactic sources suggest that Hubble expansion of 
the universe is isotropic within about 30% range approximately (Kantowski and Sachs [59]; Kristian and 

Sachs [60]) and red shift studies place the limit 0.3
H
σ

≤  where σ and H are shear scalar and Hubble 

parameter respectively. The physical significance of this condition for perfect fluid and barotropic EoS in 
a more general case has been discussed by Collins et. al.[61]. The condition (23) is used by many 
researchers [62-65] to find exact solutions of cosmological models. 

Now using equations (16), (22), and (23) the expansion for the metric coefficient are 

 
3
( 2)( )n kt mA t e
α
α +=   (24) 

 
3

( 2)( )n kt mB t e α +=   (25) 
With the suitable choice of coordinates and constants, the metric (1) with the help of (24) and (25) 

can be 

 
6 6

2 2 ( 2) 2 ( 2) 2 2 2( ) ( ) ( , )n kt m n kt mds dt t e dx t e dy y K dz
α
α α+ +  = − − + ∑    (26) 

5   Some Physical Properties of the Model 

The Spatial Volume is obtained as 

 
3

( )n kt mV t e=   (27) 
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Figure 1. Spatial Volume vs time. 

From Eq. (27), we observe that the spatial volume is zero at 0t = , which shows that the universe 
starts evolving with zero volume at 0t =  which is big bang scenario. 

The Hubble parameter is obtained as 

 1 nH k
m t
 

= + 
 

  (28) 

It shows that Hubble parameter is a decreasing function of time. 
The deceleration parameter yields as 
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Figure 2. Deceleration Parameter vs time. 

Recent observations of SNe Ia, expose that the present universe is accelerating and the value of 
Deceleration Parameter lies to some place in the range 1 0q− < < . It follows that in our derived model, 
one can choose the value of Deceleration Parameter consistent with the observation. 

The mean anisotropic parameter becomes 

 
( )

2

2

2( 1)

2
mA α

α

−
=

+
  (30) 

Since mA  is constant, the mean anisotropic parameter is uniform throughout the evolution of the 
universe. 

The expansion scalar yields 

 3 nk
m t

θ
 

= + 
 

  (31) 
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Figure 3. Scalar Expansion vs time. 

From Eqs. (27) and (31), we observe that the spatial volume is zero at 0t =  and the expansion 
scalar is infinite, which show that the universe starts evolving with zero volume at 0t =  which is big 
bang scenario which resembles with the investigations of Pradhan et. al. [66], Katore and Shaikh [67]. 

The Shear Scalar is found to be 
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Figure 4. Shear Scalar vs time. 

For large value of t, the shear scalar vanishes; hence the shape of the universe remains unchanged 
during evolution which resembles with the investigations of Katore et. al. [68]. 

The Pressure can be obtained as 

 
2

2 2 2 2

1 4 3 3 3 5 9
2(1 ) 2(1 )( 2) ( 2) 2

n n Kp k
tm t m B

α β β α
β β βα α
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  (33) 

Here 8π λβ
λ
+

= . 

The Energy Density is given by 
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  (34) 
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Figure 5. Energy Density vs time. 

From Eqs. (34), we observe that the energy density ρ is always positive and decreasing function of 
time and approaches to zero as t → ∞ . Figures 5 depict ρ versus time t showing the positive decreasing 
function of t and approaching to zero at t → ∞ . 

The cosmological constant 

 
2

2 2 6
( 2)

3 ( 1) 9( 1)1
2(1 ) ( 2) ( 2)

( )n kt m

n n Kk
tm t m

t e α

α α
β α α

+

 
  + +

Λ = − + −  + + +   
 

  (35) 

0 5 10 15 20 25 30 35
0

5

10

15

20

25

30

35

Time

La
m

bd
a

 

Figure 6. Cosmological Constant vs time ( 1K = ). 

A negative effective mass density (repulsion) is corresponded by a positive value of Λ . Hence, we 
expect that in the universe with a positive value of Λ  the expansion will tend to accelerate whereas in 
the universe with negative value of Λ the expansion will slow down, stop and reverse. Figure 6,7,8 are 
the plots of cosmological term Λ  versus time for 1,0, 1K = − .In all three figures, we observe that Λ  
is decreasing function of time t and it approaches a small positive value at late time (i.e. at present 
epoch).Recent cosmological observations suggest the existence of a positive cosmological constant Λ  
with the magnitude 3 123( / ) 10G c −Λ ≈� .These observations on magnitude and red-shift of type Ia 
supernova suggest that our universe may be an accelerating one with induced cosmological density 
through the cosmological Λ -term. Thus, the nature of Λ in our derived model is supported by recent 
observations. 
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Figure 7. Cosmological Constant vs time ( 0K = ). 
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Figure 8. Cosmological Constant vs time ( 1K = − ). 

6   Conclusion 

To deal with the problems of late time acceleration of the universe, Harko et al. [16] proposed a new 
theory known as ( , )f R T  theory of gravity by modifying general theory of relativity. We chose a 
specific choice of the functional ( ) ( ) ( )1 2,f R T f R f T= +  with ( )1f R Rλ=  and ( )2f T Tλ=  and 
investigated the exact solutions of Hypersurface – Homogenous cosmological model. We observed that 
the hybrid expansion law gives time dependent DP, representing a model which generates a transition of 
universe from an early decelerating phase to a recent accelerating phase. We observe that the energy 
density ρ is always positive and decreasing function of time and approaches to zero as t → ∞ . The 
mean anisotropic parameter is uniform throughout the evolution of the universe. The spatial scale factor 
and volume scalar vanish at 0t = . The nature of Λ  in our derived model is supported by recent 
observations. Christian Corda [69] has shown that, by assuming that advanced projects on the detection 
of Gravitational Waves (GWs) will improve their sensitivity allowing to perform a GWs astronomy, 
accurate angular and frequency dependent response functions of interferometers for gravitational waves 
arising from various Theories of Gravity, i.e. General Relativity and Extended Theories of Gravity, will 
be the definitive test for General Relativity. 
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