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1 Introduction and Main Results

Nonlinear Schrédinger systems are studied extensively from the view points of theory and applications, (see
e.g., [1], [5], [20]). In this paper, we consider the Cauchy problem for the following nonlinear Schrédinger
system
1001 + ﬁaﬁvl = )\1‘1}1|p1’01 + ulﬁvg,
1042 + ﬁé’%vz = Xo|va|P2vg + poT7v3,
i0pv3 + ﬁ@%vg = As|vz|Pvg + pgv1v273,
0 (0,2) = ¢;(x),
in one space dimension, where x € R,¢ > 0,m; is a mass of a particle, v; is an unknown function,
p; > 0,5, 15 € C\{0} for j = 1,2,3. We assume that the mass resonance condition

(1.1)

m1 + me = 2mg. (1.2)

We define F = e*%t‘f‘Q,M = e’zlt|“’|2,Dt¢ = (it)fé 1) (%) and F is the Fourier transform. For § # 0,
evolution operator Us (t) is written as

Us (t) = M~ Dg FM 5.

We also have )
Us (—t) =iM>F 'E°Dy .
These formulas are used to study asymptotic behavior of solutions to nonlinear Schrédinger equations
(see [10]).
There is a large amount of studies (see e.g.,[2], [22],[25] and [6] ) on the following nonlinear Schrédinger
equation

1
10w + iagu = |u|%u (1.3)

in one space dimension, where x € R, ¢ > 0. When 0 < ¢ < 2, nonexistence of asymptotic free solutions
to (1.3) was studied in [2]. On the other hand, existence of asymptotic free solutions to (1.3) was studied
in [25], if ¢ > 2 holds. Therefore ¢ = 2 is regarded as the borderline of the short range interactions and
long range ones in (1.3). The initial value problem for nonlinear Schrédinger equation

1
10w + iﬁgu = AMu|%u (1.4)
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in one space dimension, where x € R,t > 0, A € C \{0}, ¢ = 2, was studied in [24] for small initial data
in the case of Im\ < 0. If ¢ < 2 and ¢ is close to 2, (1.4) was investigated in [15] under the dissipative
condition such that ImA < 0 with the smallness conditions on the initial data, and in [16] and [12] under
the strong dissipative conditions such that ImA < 0 and |ImA| > 2\/% |ReA| without smallness conditions
on the initial data. In these cases, nonlinear effects of the equation (1.4) are considered as dissipative ones.
In [22], the final state problem for nonlinear Schrodinger equation with the nonlinear interaction term

1
i0yu + §aiu = Mul?u + plu|%u (1.5)

in one space dimension, where z € R,¢ > 0, w is an unknown function, ¢ > 2, A € R\{0},x € R, was
considered and modified scattering operator was constructed. In this case, the first term of the equation
(1.5) acts as the long range effect. On the other hand, the initial value problem for the equation (1.5) was
studied in [6] and the existence of modified scattering states was shown. After these works, scattering
problem for the similar equations was developed by many authors ( see e.g., [3] and [7]), and asymptotic
behavior of the solutions are well known. Some derivative nonlinear Schrédinger equations were also
considered (see e.g., [19] and [23]). For the Schrodinger systems with long range interactions, asymptotic
behavior of solutions was known on the final state problem (see, e.g., [21], [9]). There are some results on
the initial value problem for the Schrodinger systems (see e.g., [8], [13], [14] and [18]) and time decay
estimates of the solutions were studied in some critical cases. The existence of ground states for some
nonlinear Schrodinger systems was investigated in [11]. To the authors’ knowledge, there is no previous
research about the system of nonlinear Schrédinger equations with critical and supcritical nonlinearities
or critical and subcritical nonlinearities.

From the previous works (see e.g., [8], [13] and [14] ), it is known that the asymptotic behavior or
time decay of solutions to (1.1) is determined by solutions to the system of ordinary differential equations

. _p1 1

10w = Mt~ 2 |w [Prwy + prt twsw?,

. __ P2 e —

10wy = Aot ™2 |wa|P2we + pot w3, (1.6)
. _r3 _ =
z@twg = >\3t 2 |’LU3|p3U}3 + /Lgt 1fw1w2w3,

since we have from (1.1)

Oy = Mt |ug [Pruy + pat~ ' agud + Ry,
i@tu2 = )\22&71)72 |U2|p2U2 + ,ugtflu*lu% + RQ,
iOpus = Mgt~ 3 |ug|Pus + st~ uyuslis + Rs,

where
U; = Di./_'.UL (*t) Vg

™m; m;

and R; are the remainder terms under some conditions on pj, Aj, u; for j =1,2,3. We note here that we
do not know the asymptotic behavior of solutions of the system (1.6). This is the reason why asymptotic
behavior of solutions to our problems is not derived except the time decay. When p; = 2 for j =1,2,3,
the system (1.1) becomes
1001 + ﬁagvl = A\ |v1]?v1 + 203,
i0pug + ﬁ@gvg = Ao|v2|?va + potrvd,
i0;v3 + 52— 0%v3 = A3|vs|?v3 + pzvvaT3
tU3 T 3,5 VU3 3|V3|" V3 T 13V1V2V3,

v (0,2) = ¢; ().

Therefore the system (1.7) is a special situation of the system (1.1). Global existence of small solutions to
the system (1.7) was studied in [14] on some situations of Aj, u; for j = 1,2, 3. A similar system in two
space dimensions

(1.7)

. 1 —
101 + mAm = Ai|v1|v1 + Tz,
10sv2 + ﬁﬂw = Ag|va|vg + poTrvs,
. 1

Zat’l)g + mA’Ug = )\3|’U3|’Ug + usviv2,

0;(0,2) = ;(x)

(1.8)
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was first studied in [13]. The author of [14] treats (1.7) by using the similar techniques as [13]. In [14],
two theorems are presented. One of them says that if the estimate

d 3 3
@ZWH <CY IRl (1.9)
j=1

j=1
holds, where u; = D 1 FU_1 (—t)v;, then (1.7) has global small solutions with time decay such that

[ (t) lLe < Ct2 for t > 1. Another one of them says that if there exists a positive constant k such that

d 3 ~ 3 3
%ZMHM S P < CY IRy (1.10)
j=1 j=1 j=1

holds, where u; = D_1 FU_1 (—t)v;, then global small solution v (¢) to (1.7) exists and we have the time
my ™y

decay such that [|v (t) L~ < Ct~ 2 (log (1 + t))_% for t > 0. We assume that there exist some positive
constants ki, ko, ks > 0 such that
kipy + kopo = ksus (111)

and
Im); <0 (1.12)

for j = 1,2,3. Then we have (1.9). In addition to (1.11), we assume that
Im); <0 (1.13)

for j = 1,2,3. Then we have (1.10). The main idea to get time decay of solutions as ||v (t) e <

Ct~2 (log (1 + t))fé for ¢ > 0 in [14] can be seen in [13]. We consider the following generalized nonlinear
Schrodinger system

i0yv1 + 27}11 d2v1 = M|v1[Prog + Gy (v, va, v3),

1040 + 50702 = Ao|v2[Pvg 4 Ga(v1, 02, v3),
{03 + 5= 02v3 = Aslvs|Prvs + Gs(v1,v2, v3),
0;(0,z) = ¢;(z),
in one space dimension, where x € R,t > 0,m; is a mass of a particle, v; is an unknown function,
p; > 0,; € C\{0} , and G,(v1,v2,v3) is a cubic nonlinear term with the following form

_ J
Gj(v1,v2,v3) = E P 1 Um Un0l
1<m<n<i<6

for 7 =1,2,3, vy, vy, vy are elements of the set
A= {U17U27v331}713@7v73} = {’1}1,1}2,1)371}4,7)5,’1}6}

and 1), ; € C\{0}. We assume the gauge condition
Gj (U17U2,’U3) — eiijGj (efimlevl, efimQG,UQ’ efimgevg)

for any § € R. Then we obtain that the system (1.1) with the condition (1.2) is a special case of the
generalized system satisfying the gauge condition above. We can solve the initial value problem of the
generalized Schrodinger system with the gauge condition by using the similar method as this paper.

In this paper, we consider the problem (1.1) under different situations on \j, i; for small initial data
in the function space H%27* (R) N H2+%0 (R), where 1 < s < 1. In particular, L*® (R) — time decay of
solutions to (1.1) is obtained. We consider (1.1) under the long-long and long-short range interactions,
respectively. We treat the case of long-short range interactions (Theorem 1.1) by using the similar method
as [8]. The results on long-long range interactions are new. We consider two situations of long-long range
interactions. One of our results below (Theorem 1.2) says that if ImA; < 0 and |[ImJ;| is large enough,
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then the first terms of the right hand sides of (1.1) are considered as strong dissipation terms when p; < 2
for j =1,2,3 and the second terms of the right hand sides of (1.1) will be remainder ones . However if
[ImA;| is not large enough, then our result (Theorem 1.3) says that we can not find which ones will be
the main terms. Therefore we assume that (1.11) holds in Theorem 1.3 to make the second terms of the
right hand sides of (1.1) be negligeable.

To state our results, we introduce the function spaces. Let LP (R) denote the usual Lebesgue space

with the norm .
6llo ey = ( / |¢<x>de)

1@l Lo0 () = ess-sup ¢ ()] .
rER

if 1 <p<ooand

For m,r € R and 1 < p < oo, weighted Sobolev space Hj*" (R) is defined by

H (R) = {f € 17 (R); | lgagr ey = 11— 02)% (1 )% ]|y < 00}
We write ||y = I/ |l gy = Il s HZ™ (R) = H™" and H™O (R) = H™ for simplicity. We
denote by the same letter C various positive constants.

We define the fractional derivatives of J1 = UL (t)zUL (—t) as

[T (t) =Us (&) |2z["UL (-1),

)2

where v > 0. From [10], We have |J. |7 (t) = M~™ (fr%A) M™. We also have commutation relations
with |J1 |7 and L1 = id; + 5--02 such that

[L#,\Jg

m

| =o.

First we state our result for p; > 2 for j = 1,2, 3. In this case, the first terms and the second terms on
the right hand sides of (1.1) are considered as short and long range interactions, respectively. Therefore
the first terms are regarded as remainder ones of the system (1.1).

Theorem 1.1 We assume that (1.2) holds, p; > 2 for j =1,2,3 and there exist some positive constants
1 1
ki,ko, ks > O such that (1.11) holds. Let ¢; € HY2T5 N Hz T Z?:l 031l go.4+s ggd+s < € where

e is sufficiently small, and & < s < 1. Then there exists a unique global solution (v;(t)) €

§=1,2,3
C ([0, 00); HOz+s 0 H%“) to the system (1.1). Moreover, we have the following time decay estimate

_1
[0j ()|l < C(A+1)72
fort>0and j=1,2,3.

Next result says the case 0 < p; < 2 for j = 1, 2,3, namely long-long interactions. In this case, second
terms on the right hand sides of (1.1) are considered as remainder terms under the condition (1.13) with
a strong dissipative condition such that

1
—— < |[ImA;|. 1.14
<E\\/g—|rnj| ( )

Therefore we do not need to assume (1.11). Time decay of solutions of (1.1) is still open problem if we do
not assume (1.13) and (1.14).

Theorem 1.2 We assume that (1.2), (1.13) and (1.14) hold, p; = 2 — \/2, ¢; € H*2Ts N Hz T for
ji=1,2,3, Zizl ||¢j||Ho,%+an%+s < e, where € is sufficiently small, and % < s < 1. Then there ezists a
unique global solution

(v (t))j:1,2,3 €eC ([O, 00); H%zts5 N H5+S)
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10 New Horizons in Mathematical Physics, Vol. 2, No. 1, March 2018

to the system (1.1). Moreover, we have the following time decay estimate
_a
[0j ()l < CA+1) 7
fort>0andj=1,2,3.
If we do not assume (1.14), namely |Im);| < C, then it seems that dissipation property of the first
terms on the right hand sides of (1.1) do not control the time decay of second terms. In this case we use

the dispersive condition (1.11) on the second terms.

Theorem 1.3 We assume that (1.2), (1.13) and there exist some positive constants ki, ko, ks > 0 such
that (1.11) holds. Let p; = 2 —ePi, ¢; € HO2ts N Hats forj =1,2,3, Z?:l H(ZﬁjHHO,%HmH%H <e

where € 18 sufficiently smalt, and 5 < s < 1. en €re extSts a unique giooat sotution
here e i iently small, and L. Then there exists a unique global soluti
(03(1)),_1 5 € © ([0,00) s HO 7> N HET)

to the system (1.1). Moreover, we have the following time decay estimate

1

()l <CA+E) 70
fort>0and j=1,23.
2 Proof of Theorem 1.1

We define

[v]lxr = supsepo, 1y Z ( (1+6)VeUL ( )0l go. 3+ + HDM%_]-"UT%J_ (—1) Uj||L@°) :
Jj=1

where % <s<1,T>0and e > 0 is sufficiently small.

Lemma 2.1 We assume that assumptions in Theorem 1.1 hold. Then the system (1.1) has a unique pair
of solution v = (v;);_; 5 3 € X1 such that

[0l xr < 2e.

Local existence of solutions to (1.1) is obtained by a standard method, (see, e.g., [4]). Therefore, we
prove global existence and time decay estimates of solutions to (1.1). By the local existence result, we
may assume that

3
>~ (102 (=125 () o + 1D FUL (=10 (1) e ) < 2.
j=1
We prove that for any T, the estimate
3
— 2
subreps,r 2 (VFIU 2 (<00 o s o + 1D FUL (=) vyl ) < &8
j=1
holds. By the contradiction, we assume that there exists a time 7" such that

3
2
subreps Y (7VEIU 2 (<000 g o + 1D FUL (=) vyl ) < &2, (2.1)
j=1

NHMP Copyright © 2018 Isaac Scientific Publishing
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Let

., I
Fy := Fi(v1,v2,v3) = 110203,
o R
Fy := Fy(v1,v2,v3) = pol103,

F3:= F3(v1,v2,v3) = p3v10273.

We multiply both sides of (1.1) by D1 FU_1 (—t) to get

m;

<.

i@tuj = )\]D%FU% (*t) |’Uj|ijj —+ Di‘/_'.U% (7t) Fj, (22)

1
where u; = D 1 FU 1 (—t)v;. Then we have by using the factorization formula FU 1 (—t) = iM,,,E™i Dm;
with My, = FM™ F~! to find that

2

D FU 1 (—t) (Mlog [P 0;) = At~ ug [Py + DY Ry,
J J J h=1
where
1t 7 s . s
R = () (1PN ol M (o
mj 7Ylj mj
—|FU & (=)0, FU o (~t)v; )
and o
-
Ryj = A; (nzz> FM™ = V)FHFM™™U 1 (=t [P FM™™U 1 (~t);.
j m. ’7717

In the same way as the proof in [17], we have by the resonance gauge condition (1.2)

D1 FU 1 (~t) Fj (v1,v2,v3)

4

1
tF (u17u277u3) +D ZRh,j7
h=3
where
RS,]
= it (M, —1) ZLF, <D Moy D, Doy My, D us, Diny M, 1D11u3>
mo m3
and
R47J
:i%%Fj <Dm/\/l ‘D! Lun, Dy M, 'D- 2 Lz, Doy MDD u3>
my m3
—it i p (ijD—f wr, Dm; DL g, Dmy D7 u3> :
t mi  mp my  my m3  mgz
Therefore we have
i(?tuj = )\jf |’LLJ|pJUj + F (ul,ug,ug) +D 1 ZRh’j (23)
h=1

In what follows, we only consider the case ¢t > 1.
To prove our main results, we first show

Copyright © 2018 Isaac Scientific Publishing NHMP
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Lemma 2.2 Let (vj)j=123 be a solution of the system (1.1) satisfying (2.1) and 3 < s < 1, then we

have
2

S TRl < CettE H—5+vEp+1)
h=1

and

< C€2t—1—§+3\/5

4

> 1Rl

h=3
forte[1,T) and j =1,2,3.

Proof By using the similar method as Lemma 2.1 in [12], we have
2 .
_hs o+l
S 1Rl < C ZHU il

Now we consider Zi:3 | Rhjll1,- By the Sobolev inequality, we have

[fllgee < C /] “fL ikl (2.4)

which implies

[(Min; = 1) fllpe < C1IS] ”fl

(Mo, = 1) F| 557 < O3 | g
Therefore
| R3]l

= H(Mmj —1) %F]— (ij/\/l LD, Dy Myt D2 s, Doy M LD ug)

my mq ma

Loe

<Cct 'z

~1 -1 ~1 -1 ~1 -1
Iy (ijMmlDlu1,ijMm2D1U2,ijMm3D1U3>‘
m m1 ma ma m3

ms3

9
HEts

where F} is a cubic nonlinearity which satisfies (1.2). Hence we have

IRl < O Z |7 -

HO 5 te

for t > 1. In the same way as above we obtain

Ruslle < C8 3 |0 (o

Jj=1

Ho,%+s

for t > 1. Combining all the inequalities obtained above, we have the lemma. |

Lemma 2.3 Let (v;)j—1,2,3 be a solution of the system (1.1) satisfying (2.1) and 3 < s <1, then there
exist k; > 0 for j =1,2,3 such that the estimate

(=t

J Loe

d 3
>k ‘ DL FUL
j=1

w

3
<C Zg%(i’f“)t—%*‘\/g + ZE%(PJ'H)t—%—%:Dj-‘-\/E(:Dj-H) 4215 3VE

j=1 j=1

holds for any t € [1,T], where u; =D 1 fU (—t)v,.

g
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Proof (2.2) shows that
i@tuj = AJD%\FU% (—t) |’Uj|pj’l)j + D%fU% (—t) Fj,
where u; = D 1+ FU 1 (—t)v;. By (1.2), we have

4
1
ZatuJ—AD fUm ( t) |Uj|pj’Uj+EFj(Ul,’U,Q,UQ)‘FDﬁlj ZRh’j’

From (1.11), we have

3 3 4 3
d .
A ki sl | <CD Y IR+ O || FUL (=) g | (2.5)
i=1 i—1 h=3 j=1 J L
where k; > 0 for j = 1,2,3. By Lemma 2.2, we have
3 4
DD Bngl < CT TR,
j=1h=3
From (2.4) and Lemma 2.1 in [15], it follows that
Z |7 s o)
1
1+2s 1+2=;
< cz PO Ot | 7| FU o |
o
< CZ (ot s g ) e w15
1+25 <
< cz o2z [ (00w | 7 e N2
< OZ los 2 0 (=0, 5. (2.6)
Since . )
[0jllee < CE2 | FU_L (=t)vjllLe + Ct72 72 |[U_L (=)v;l| yo. 4+ (2.7)
we obtain
3
Z HFU ) o7 N Z 2(p;+1) ( —FVE 4 zpﬁ\f(pﬁl))
This completes the proof of the lemma. |

Lemma 2.4 Let (vj)j=123 be a solution of the system (1.1) satisfying (2.1). Then we have

3
% E H|JL‘%+SUJH <C (t—1+\/5 +t—1—s+3\/5) &2
i—1 J
3 P P P
ey (t—%WE 4 t—%—%s+(pj+1)x/5> c3 (i1

for any t € [1,T].
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Proof Let

N1 = Nl(Ul,vg,vg):)\1|Ul|p1’l)1+F1,
N2 = Ng(’Ul,’Uz,U:;) Z/\2|’U2|p2112—|—P’27
N3 := N3(vy,v2,v3) = A3|vg|Pv3 + F.

Since the commutation relation [i@t Zm;

A-02,|J i |V] = 0 holds, we have the following result from the
system (1.1) ’
. 1
(10 + Rai)um% vy = |Jﬁj|’yNj~ (2.8)

We multiply both sides of (2.8) by |J 1 |7v;, integrate in space and take the imaginary parts to obtain
J
d 2
— HIJLWU;'H = 2Im/ |J L " Nj - |J 1 |Yv;de.
dt mj R mj mj

X
From |[J_o |7 () = M~™ (—%A) * M™ and the mass resonance condition (1.2), we have
™ ]

2\’
|J%|7Fj(vlall}2,fl]3):M7mj <_7’n2A> Fj(Mm1U17Mm2U27Mm3U3).
J i

By Lemma 2.1 in [15] and (2.7) we get with v = 3 + s

d
= H|J L,
3
<cZ o313 + I 12 ZH\J%IWH
<C (t’”ﬁ + t’1’5+3ﬁ) £

3
O3 (e s ) o o

This completes the proof of the lemma. |
By Lemmas 2.3, 2.4 we have

3
< Ce+ 26%(”1“) +e2 < Ce
=1

Zk HD L FU L )v]H

I,

and

ZHU gy < 254 2+ 3RO < e,
j=1

since s > 0,p; > 2, there exists ¢ > 0 such that § > 3/g, 2~ 2> v/e. This is the desired contradiction.
Therefore, we have a unique global solution of the system (1.1) satistying

sup. Z(1+t TN (0l s 1D 2 FUL (<) vyfli ) < <F
te J J

for any T' > 1. Time decay estimates of solutions to the system (1.1) comes from (2.7). Namely we have
HUJ”LOC < Ct™ 253 L Ot ——74_\[ %

This completes the proof of Theorem 1.1.
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3 Proof of Theorems 1.2 and 1.3

We define

ol se = supiciom 3 (1 + 00 (=003l + (1403 ID FUL (<0051,
Jj=1

where p =p;,j =1,2,3, 1 <s<1,T>0and e > 0 is sufficiently small. In the same way as in the proof
of Theorem 1.1, we may assume that

> (102 (=105 () lgoge + 1D FUL (<1) 0 (1) e ) < 2.

j=1
By the contradiction method, we prove for any T > 1 the estimate

3
_ 1.1 _
SuPte[l,T]Z (t \/EHU%].(_t)’UjHHU'%‘*'S +tr 2HD%}'U% (1) UjHLoc) < b1

=1
holds. We assume that there exists a time 7" such that

3
_ 1.1 _
SUPyef1, 7] Z (t \/EHU%].(_t)vﬂ'Hoéﬂ +tr QHD%j]:Um%- (1) Uj”Loo) < Pl

j=1

We derive the desired contradiction to extend the proof in [13] to subcritical nonlinearities.

3.1 Proof of Theorem 1.2
We have by (2.3)

d »
Affj+|hnAﬂt_§fP+1

< Ct™ 1 |F (ul,u2,u;>,)| +C

D }:Rm

'hl

: (3.1)

where f; = |uj| = |D_L FU_L (—t)v,|. Let g; be the positive solution of
i

d
g+ g B = 0,0, (1) = DL FU L

- (=1)w; (1)]- (3:2)

m
J

We may assume that € < g; (1) < 2¢ by the local existence result in Lemma 2.1. Explicit solution of (3.2)
is given by
g; (1)
o)== —— B (33
(1 + 2l g (1P (15 - 1))

The strong dissipation assumption (1.14) implies that (3.1) is valid if we replace [Im\;| by ﬁ To keep

gj (t) small enough, we use p = 2 — /¢ and explicit solution of (3.3) with ﬁ = |ImA\,|. Namely,

g; (1)
g (t) = R (3.4)
(1+ 29 ()P (t'72 —1))7
Then we find that there exist positive constants C7, Cy such that
Coert vH2 < g; (1) < Cyevt »t3 (3.5)

Copyright © 2018 Isaac Scientific Publishing NHMP
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for a large ¢t. Multiplying both sides of (3.1) by gjfpfl, we have

d / _pa 2 1 _ —p—1 ypj+1 —p—1

7 (gj” fj) S ((p+1)9j Yi—a )+ngp R;,
where

4
Rj =t ! |Fj (ul,U27U3)| +C D# ZRh’j .
J
h=1
In the same way as in the proof of Lemma 2.2, we get
4
|D1 S Rij| < CE30-D11-545VF 4 0o delp Dy~ § -5+ pVE, (36)
"=

Hence we get

3
R=Y R; < Cw Vi 1+3(375) 030Dy 1-548vE
j=1
40 3 (=D =5 =5+ (p+1)VE, (3.7)

The second and third terms of the right hand side of (3.7) are considered as remainder terms. We note here
3
that the third term has e~ 2 since the condition (1.14). By the Young inequality |a| |b] < % lal? + % |b]?
with %-&- % =1, we get
1 . o
(p+1)g ' fi= ((p+ )7 gj_lfj) (p+1)7T < g "' 4 p.
Hence

d

L 1
pj—1 -Z —p—1

Integrating in time, we obtain by (3.5)

L =g W5 Mg 0+ %gﬁ»’“ (t) % (15 -1)

LCg () / 6771 (7) R(r)dr

< 2t ri(3-3) D) o oedy(5-3) -4

t
4t L (oR)e Rar
1

We apply (3.7) to the right hand side of the above to get
£ (1) < 02t (330 4 ogry(3-3) D15

t
+Cse‘»oaw(é—%)(pﬂ)/ D (3-2) gr (3.8)
1

if we take a suitable s. Since

we get

NHMP Copyright © 2018 Isaac Scientific Publishing
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Hence
fi () < Cet(3%) 4 0e3r—3.-14(5-3)p+D)

from which it follows that

1

1
tr 2

D fU (—t) ij < Ce+ Ce®P™ < Ck,
g Loe

where p > g By (2.7), we obtain
0j]|Lee < Cet™ + CeP~ 1737 3HVE < CeP~ 1ty (3.9)

if =%+ /£ < 3 — L. In the same way as in the proof of (2.9) with v =% + s

d 3

aZH'J%‘“j
< cZHvJH 17017 +Z||vjuLwZH|J |
<C elP- 1)”ZHU T RESY H + 215 ZHU 1 |A’UJH

3
< Cerr (11 4o ")ZHU Py

ey |

Gronwall’s inequality says that

3 t
C (p—)p —1g4 (p—1)
E H|J71 |71)jH < Cee Jie T 0etCeTT < Ot VE.
mj
=1

Hence

1
2

'E\H

44

D1.7:U ( t)v;

LP’U]‘H < Ce < P71
Loo m;

This is the desired contradiction. Time decay of solutions is obtained by (3.9). This completes the proof
of Theorem 1.2.

3.2 Proof of Theorem 1.3

By the condition of (1.11), we have in the same way as in the proof of (3.1)

ij (;ltfg + [Im| t_gf]pH) <Q, (3.10)

j=1

where by (3.6)

3 4
Q=C ijD% Z R
j=1 h=1

< CBAP=Dy=1-543Ve | O (e-D(p+1) =5 5+p+1)VE
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We put f = Z?=1 k; fj, then there exists a positive constant k such that

%f +kt3 P < CQ. (3.11)
Let g be the positive solution of
d _z >
g+ kTG = 0,9(1) = Zl k; ‘D%]-"Um% (—1)v; (1)]. (3.12)
=
Explicit solution of (3.12) is given by
g(1)

g (t) = , 1-
(1 +32g ()P (18 - 1)) ’

If p =2 — P, then we find that there exist positive constants Cs, Cy such that

In

Caet™3t2 < g(t) < Cyet vt 3.

the same way as in the proof of (3.8)

—p—1 p+1 2p p+1 -z
F0) g T @)+ 52g k(17 1)

9 _
LOgP (1) / g1 (1) Q(r)dr

< Cet(3=HeH) 4 oq(3-Hwrvp-g

which implies that

1
2

7

D FU (—t) ij < Ce.
mg o mj L~

The rest of the proof is the same as in the proof of Theorem 1.2, and so we omit it.
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