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Abstract Constitutive models and finite element implementations of compressible finite defor-
mation are straightforwardly formulated by the general isotropic continuum stored energy (CSE)
functional without the isochoric–volumetric split. Coupled stress and elasticity tensors in reference
and current configurations are derived. Modeling and predicting capabilities of the general CSE
functional are exhibited through multiaxial experimental tests of compressible NR and SBR rubbers.
Characterization of kinematic relation, rather than pressure–volume relation, is emphasized in
experimental tests of compressibility. The isochoric–volumetric split does not hold based on either
theoretical analyses or experimental validations.

Keywords: Compressible finite deformation, finite element implementation, isochoric–volumetric
split, Poisson function, work-conjugacy.

Nomenclature

B left Cauchy–Green tensor
b̄0, b̄ specified body force vectors in reference and current configurations
C right Cauchy–Green tensor
Cij right Cauchy–Green tensor in indicial notation
C fourth-order elasticity tensor in reference configuration
c fourth-order elasticity tensor in current configuration
c1, c2, c3, c4 constitutive constants
E Green–Lagrange strain tensor
F deformation gradient tensor
I second-order unit tensor
I1, I2, I3 invariants of the right Cauchy–Green tensor
J Jacobian or volume ratio
O second-order null tensor
O fourth-order null tensor
P first Piola–Kirchhoff stress tensor or nominal stress tensor
Pji nominal stress tensor in indicial notation
p pressure or mean stress
S second Piola–Kirchhoff stress tensor in reference configuration
t̄0, t̄ specified traction vectors in reference and current configurations
ū0, ū specified displacement vectors in reference and current configurations
u, δu, ∆u actual, virtual, and incremental displacement fields
X1, X2, X3 Cartesian coordinates of a particle in reference configuration
x1, x2, x3 Cartesian coordinates of a particle in current configuration
X,Y two different arbitrary second-order tensors
Subscripts
et equibiaxial tension mode
i, j index for three orthogonal directions
ps pure shear mode
t,u traction and displacement
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ut uniaxial tension mode
0, 1, 2, 3 reference configuration, length, width, and thickness directions
Greek Symbols
Γ0,Γ boundary in reference and current configurations
∆1, ∆2, · · · , ∆8 parameters for elasticity tensors in reference configuration
δ1, δ2, · · · , δ8 parameters for elasticity tensors in current configuration
δij Kronecker delta
ε Euler–Almansi strain tensor
κ, λ, ν shear stretch, normal stretch, Poisson index
σ Cauchy stress tensor in current configuration
τ Kirchhoff stress tensor in current configuration
Ψ general isotropic continuum stored energy functional
Ψo old isotropic continuum stored energy functional
Ω0,Ω domain in reference and current configurations
Abbreviations
CSE continuum stored energy
GSF general stress-free
LLSQ linear least squares
NR natural rubber
SBR styrene-butadiene rubber
TED trial-and-error-on-digit

1 Introduction

All materials under loadings are compressible to a certain degree. Compressible mechanical behavior is
related to varying stiffness combinations due to changes of distances, areas, and volumes in the fundamental
metric of differential geometry. Without exception, rubber-like materials are nearly incompressible or
hardly compressible at best.

Generally, perfect incompressibility is assumed for rubber-like materials, making analytical solutions of
problems with simple geometry easier, but numerical finite element implementations more difficult [1]. As
such, nearly incompressible finite element formulations have been developed. Difficulties in displacement-
based finite element formulations, however, include ill-conditioning of the stiffness matrix, spurious or
incorrect pressures, and element locking [2]. To overcome such difficulties, the mixed displacement/pressure-
based finite element formulations have been developed. Nevertheless, mixed finite element formulations
are not stable for all displacement and pressure fields and the deformation gradient is decomposed into
isochoric and volumetric parts.

The multiplicative decomposition of the deformation gradient tensor into isochoric and volumetric
parts in finite deformations was introduced by Richter [3], further studied by Flory [4], Lu and Pister
[5], Sansour [6], and extensively applied by Lubliner [7], Simo and Taylor [8], Ogden [9], and many
others. With the multiplicative decomposition of the deformation gradient, a stored-energy functional is
additively decoupled into isochoric and volumetric parts. Subsequently, stress and elasticity tensors are
also additively decoupled into isochoric and volumetric parts. The detailed derivations for the decoupled
stress and elasticity tensors are documented by Holzapfel [10]. In commercial packages of finite element
methods, ABAQUS, ANSYS, MARC, and NASTRAN offer Mooney–Rivilin model, Yeoh model, Ogden
model, and other models. Some of the commercial packages also allow users to implement their own
models in standard subroutines. Decoupled implementations, however, are not straightforward due to
the complicated procedures in deriving stress and elasticity tensors. The decoupled stress and elasticity
tensors for some models have been derived by Nicholson [11], Weiss, Maker, and Govindjee [12], Itskov
[13], Suchocki [14], and Cheng and Zhang [15].

Accurate constitutive models will include compressibility [16]. The isochoric based compressible
constitutive models for isotropic hyperelastic materials have been developed by Blatz and Ko [17], Ogden
[18], Fried and Johnson [19], Anand [20], Bischoff, Arruda, and Grosh [21], and many others. Experimental
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characterizations and constitutive modelings of volume changes for stretched rubbers have been reviewed
by Le Cam [22].

Uniaxial tension tests of rubber-like materials, however, show that the decomposition of a stored
energy functional into isochoric and volumetric parts does not hold even at small deformations by Penn
[23]. The finite deformations predicted by models with the isochoric–volumetric split are found to be
unphysical by Ehlers and Eipper [24]. The isotropic CSE functional with symmetries resolved by Lie group
methods and differential geometry—inherently no isochoric–volumetric split for finite deformation—has
been developed by Zhao [25]. The isotropic CSE functional reads

Ψo = c1I1 + c2
√
I2 + c3

I4
1
I3
, (1)

where the three invariants of right Cauchy–Green tensor C, I1, I2, and I3, are defined by

I1 = C : I = trC, I2 = 1
2

[
(trC)2 − trC2

]
, I3 = detC, (2)

and I is the second-order unit tensor and the matrix operators, ‘:’, ‘tr’, and ‘det’, denote double
contraction, trace, and determinant operations, respectively. The three constitutive constants, c1, c2
and c3 are generally determined by experimental tests for volume changeability and used for modeling,
predicting, and implementing finite deformations of isotropic hyperelastic materials.

The first-order derivatives of invariants are given by

∂I1
∂C = I, ∂I2

∂C = I1I−C, ∂I3
∂C = I3C−1. (3)

The second-order derivatives of invariants are given by

∂2I1
∂C2 = O,

∂2I2
∂C2 = I⊗ I− I� I, ∂2I3

∂C2 = I3(C−1 ⊗C−1 −C−1 �C−1), (4)

where O is the fourth-order null tensor. The derivatives of second-order symmetric tensors are defined as

∂C
∂C = I� I = (I� I)ijkl = 1

2(δikδjl + δilδjk), (5)

in which δik, for example, is the Kronecker delta and

∂C−1

∂C = −C−1 �C−1 = −(C−1 �C−1)ijkl = −1
2(C−1

ik C
−1
jl + C−1

il C
−1
jk ). (6)

For general CSE constitutive models of uniaxial tension tests, lateral contractions, λ2 or λ3, can be
related to axial stretch, λ1, with the Poisson or power function [17],

λ2 = λ−ν
1 , (7)

where ν is the Poisson index. For the stress-free condition of P3 = 0, a more general kinematic relation
among three orthogonal stretches can be readily established based on the generalized Hooke’s law

λ3 = (λ1λ2)− ν
1−ν . (8)

In order to solve practical boundary-value problems associated with isotropic hyperelastic materi-
als, nonlinear finite element procedures of total and updated Lagrangian formulations respective to
corresponding reference and current configurations are desired.

For incremental total Lagrangian formulations, the linearization of the principle of virtual work with
respect to displacements reads∫

Ω0

[
δuT (∂uE)T : C : ∂uE + δuT (∂2

uuE
)T : S

]
dΩ0∆u =

∫
Ω0

δuT · b̄0 dΩ0 +
∫

Γ0t

δuT · t̄0 dΓ0

−
∫

Ω0

δuT (∂uE)T : S dΩ0, (9)
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where the superscript T is a transpose operator, E = (C− I)/2 is the Green–Lagrange strain tensor, S is
the second Piola–Kirchhoff stress tensor, C is the fourth-order elasticity tensor in reference configuration,
and the continuum body in domain Ω0 is bounded by boundary Γ0. The boundary is partitioned into
disjoint parts of Γ0 = Γ0t ∪ Γ0u with Γ0t ∩ Γ0u = ∅. For domain conditions, b̄0 is the specified body force
in domain Ω0. For boundary conditions, t̄0 is the specified traction on boundary Γ0t and ū0 is the specified
displacement on boundary Γ0u.

For incremental updated Lagrangian formulations, the linearization of the principle of virtual work
with respect to displacements is∫

Ω

[
δuT (∂uε)T : c : ∂uε + δuT (∂2

uuε
)T : σ

]
dΩ∆u =

∫
Ω
δuT · b̄ dΩ +

∫
Γt

δuT · t̄ dΓ

−
∫

Ω
δuT (∂uε)T : σ dΩ, (10)

where ε = (I−B−1)/2 is the Euler–Almansi strain tensor, B is the left Cauchy–Green tensor, σ is the
Cauchy stress tensor, c is the fourth-order elasticity tensor in current configuration, and the continuum
body in domain Ω is bounded by a boundary Γ. The boundary is partitioned into disjoint parts of
Γ = Γt ∪ Γu with Γt ∩ Γu = ∅. For domain conditions, b̄ is the specified body force in domain Ω. For
boundary conditions, t̄ is the specified traction on boundary Γt and ū is the specified displacement on
boundary Γu.

The finite element unknown variables, u, δu, and ∆u are actual, virtual, and incremental displacement
fields. The virtual displacement field δu as an arbitrary vector is essentially removed from all terms of (9)
and (10), respectively. Specified displacements ū0 and ū are enforced in solution procedures albeit not
shown. Fully detailed finite element implementations can be found in the books [26,27,28], among others.

In mixed finite element implementations with the isochoric–volumetric split, isochoric based constitutive
models are usually adopted. The pressure–volume relation, with extra degrees of freedom, is needed to
enforce the desired degree of compressibility. However, it is daunting to establish a physically realistic
pressure–volume relation, let alone rigorously examining the validity of the isochoric–volumetric split.
To overcome the major difficulty of establishing a physically realistic pressure–volume relation, the CSE
functional as a non-isochoric based stored energy functional can be applied. The isotropic CSE functional
(1), however, has been applied to constitutively model mechanical behaviors of rubbers with the Mullins
effect removed. For a wide range of applications including the Mullins effect, the CSE functional will be
generalized.

The major objectives, therefore, are to generalize the isotropic CSE functional, to constitutively model
and implement compressible finite deformation without the isochoric–volumetric split, to derive the
coupled stress and elasticity tensors in reference and current configurations, to examine the validity of
the isochoric–volumetric split, and to characterize kinematic relation in compressibility tests.

2 Compressible Isotropic CSE Models and Implementations

2.1 General Isotropic CSE Functional

For wider and better modeling, predicting, and implementing, the isotropic CSE functional (1), similar to
the anisotropic CSE functional developed by Zhao [29], can be generalized from the constant power of
c4 = 1 to the variable power of c4 in the c3 term as

Ψ = c1I1 + c2
√
I2 + c3

I3c4+1
1
Ic4
3

, (11)

where the four constitutive constants, c1, c2, c3, and c4, will then be determined by experimental tests.

2.2 General Isotropic CSE Constitutive Models

Nominal stress and stretch results are preferably calculated from force and extension measurements with
original effective sample dimensions recorded in experimental tests. The first Piola–Kirchhoff stress tensor
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or the nominal stress tensor, P, is related to the second Piola–Kirchhoff stress tensor, S, through the
deformation gradient tensor, F, by P = FS or equivalently by

PT = ∂Ψ
∂F = 2

(
∂Ψ
∂I1

∂I1
∂C + ∂Ψ

∂I2

∂I2
∂C + ∂Ψ

∂I3

∂I3
∂C

)(
1
2
∂C
∂F

)
= SFT, (12)

where the nominal stress in indicial notation reads

Pji = ∂Ψ
∂I1

∂I1
∂λij

+ ∂Ψ
∂I2

∂I2
∂λij

+ ∂Ψ
∂I3

∂I3
∂λij

, (i, j = 1, 2, 3). (13)

The first-order derivatives of the general isotropic CSE functional, with all three invariants generally
treated as variables, are

∂Ψ
∂I1

= c1 + c3(3c4 + 1)I
3c4
1
Ic4
3
,

∂Ψ
∂I2

= c2

2
√
I2
,

∂Ψ
∂I3

= −c3c4
I3c4+1
1
Ic4+1
3

. (14)

The second-order derivatives of the general isotropic CSE functional, with all three invariants generally
treated as variables, are

∂2Ψ
∂I2

1
= 3c3c4(3c4 + 1)I

3c4−1
1
Ic4
3

,
∂2Ψ
∂I2

2
= − c2

4
√
I3
2
,

∂2Ψ
∂I2

3
= c3c4(c4 + 1)I

3c4+1
1
Ic4+2
3

, (15)

∂2Ψ
∂I1∂I2

= ∂2Ψ
∂I2∂I3

= 0, ∂2Ψ
∂I1∂I3

= −c3c4(3c4 + 1) I
3c4
1

Ic4+1
3

. (16)

Substituting (14), I1 = I2 = 3, I3 = 1, and derivatives of invariants with respect to normal stretches
into (13) yields the general stress-free (GSF) condition in reference configuration

c1 + c2√
3

+ c327c4 = 0. (17)

Experimental tests of isotropic hyperelastic materials have effectively been conducted by uniaxial
tension, pure shear, and equibiaxial tension tests. Thus, the general CSE constitutive models in three
deformation modes will be derived based on the equations (2) and (13) through (17).

Uniaxial Tension Mode. The deformation of uniaxial tension can be generally modeled as

x1 = λ1X1, x2 = λ2X2, x3 = λ3X3. (18)

For isotropic hyperelastic materials, we have λ2 = λ−ν
1 and λ3 = λ−ν

1 due to Poisson function (7), yielding
λ2 = λ3. The related tensors and invariants for the uniaxial tension mode in (18) are F = diag[λ1, λ2, λ2],
C =diag[λ2

1, λ
2
2, λ

2
2], I1 = λ2

1 + 2λ2
2, I2 = 2λ2

1λ
2
2 + λ4

2, I3 = λ2
1λ

4
2, and their derivatives are

∂I1
∂λ1

= 2λ1,
∂I2
∂λ1

= 4λ1λ
2
2,

∂I3
∂λ1

= 2λ1λ
4
2. (19)

Substituting the derivatives (14), invariants, and derivatives of invariants (19) into (13) yields,

Put1 = 2c1λ1 + 2c2
λ1λ

2
2√

2λ2
1λ

2
2 + λ4

2
+ 2c3

(λ2
1 + 2λ2

2)3c4

(λ2
1λ

4
2)c4

[
(2c4 + 1)λ1 − 2c4

λ2
2
λ1

]
, (20)

and the kinematic relation in uniaxial tension mode is given by the equation (7).

Pure Shear Mode. Pure shear tests have been conducted to validate the predictability of a model. In
the pure shear mode, the lateral contraction is fixed with λ2 = 1. Thus, the nominal stress is

Pps1 = 2c1λ1 + c2
λ1(1 + λ2

3)√
λ2

1 + λ2
3 + λ2

1λ
2
3

+ 2c3
(λ2

1 + λ2
3 + 1)3c4

(λ2
1λ

2
3)c4

[
(2c4 + 1)λ1 − c4

1 + λ2
3

λ1

]
, (21)

where thickness reduction, λ3, can be obtained by substituting λ2 = 1 into (8)

λ3 = λ
− ν

1−ν

1 . (22)
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Equibiaxial Tension Mode. Equibiaxial tension tests have also been performed to validate the
predictability of a model. In the equibiaxial tension mode, the in-plane stretches, λ1 = λ2, are equally
maintained or applied. Thus, the nominal stress is

Pet1 = 2c1λ1 + c2
(λ2

1 + λ2
3)√

λ2
1 + 2λ2

3
+ 2c3

(2λ2
1 + λ2

3)3c4

(λ4
1λ

2
3)c4

[
(c4 + 1)λ1 − c4

λ2
3
λ1

]
, (23)

where thickness reduction, λ3, can be worked out by substituting λ2 = λ1 into (8)

λ3 = λ
− 2ν

1−ν

1 . (24)

Equations (7), (22), and (24) will be used to model lateral contraction in uniaxial tension mode, thickness
reduction in pure shear and equibiaxial tension modes, respectively.

2.3 Stress Tensors in Reference and Current Configurations

For the general CSE functional defined in (11), the second Piola–Kirchhoff stress tensor, S, in reference
configuration is worked out as

S =
[
2c1 + c2

I1√
I2

+ 2c3(3c4 + 1)I
3c4
1
Ic4
3

]
I− c2√

I2
C− 2c3c4

I3c4+1
1
Ic4
3

C−1, (25)

and the Cauchy stress tensor, σ, in current configuration can be converted by the push-forward operation
of (25) and readily obtained as

σ = 1
J

FSFT = 1
J

{[
2c1 + c2

I1√
I2

+ 2c3(3c4 + 1)I
3c4
1
Ic4
3

]
B− c2√

I2
B2 − 2c3c4

I3c4+1
1
Ic4
3

I
}
, (26)

where J =
√
I3 is the Jacobian or volume ratio.

2.4 Elasticity Tensors in Reference and Current Configurations

For finite deformations of isotropic hyperelastic materials, the generally coupled fourth-order elasticity
tensor in reference configuration reads

C = 4
3∑
i=1

 3∑
j=1

∂2Ψ
∂Ii∂Ij

(
∂Ii
∂C ⊗

∂Ij
∂C

)
+ ∂Ψ
∂Ii

∂2Ii
∂C2

 . (27)

Substituting the first-order and second-order derivatives of invariants (3) and (4), simplifying, and
rearranging produces

C = ∆1I⊗ I +∆2(I⊗C + C⊗ I) +∆3(I⊗C−1 + C−1 ⊗ I) +∆4C⊗C +
∆5(C⊗C−1 + C−1 ⊗C) +∆6C−1 ⊗C−1 +∆7C−1 �C−1 +∆8I� I, (28)

where the eight parameters ∆1, ∆2, · · · , ∆8 for a stored energy functional are defined by

∆1 = 4
(
∂2Ψ
∂I2

1
+ 2I1

∂2Ψ
∂I1∂I2

+ I2
1
∂2Ψ
∂I2

2
+ ∂Ψ
∂I2

)
, ∆2 = −4

(
∂2Ψ
∂I1∂I2

+ I1
∂2Ψ
∂I2

2

)
, (29)

∆3 = 4
(
I3

∂2Ψ
∂I3∂I1

+ I3I1
∂2Ψ
∂I2∂I3

)
, ∆4 = 4∂

2Ψ
∂I2

2
, ∆5 = −4I3

∂2Ψ
∂I2∂I3

, (30)

∆6 = 4
(
I2
3
∂2Ψ
∂I2

3
+ I3

∂Ψ
∂I3

)
, ∆7 = −4I3

∂Ψ
∂I3

, ∆8 = −4 ∂Ψ
∂I2

. (31)
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For the general CSE functional, the eight parameters ∆1, ∆2, · · · , ∆8, using (15) and (16), are more
specifically given by

∆1 = 2c2√
I2
− c2I

2
1√
I3
2

+ 12c3c4(3c4 + 1)I
3c4−1
1
Ic4
3

, ∆2 = c2I1√
I3
2
, ∆3 = −4c3c4(3c4 + 1)I

3c4
1
Ic4
3
, (32)

∆4 = − c2√
I3
2
, ∆5 = 0, ∆6 = 4c3c24

I3c4+1
1
Ic4
3

, ∆7 = 4c3c4
I3c4+1
1
Ic4
3

, ∆8 = − 2c2√
I2
. (33)

The elasticity tensor in current configuration can be converted from the elasticity tensor in reference
configuration by the following push-forward operation of (28)

c = 1
J

(F� F) : C : (FT � FT). (34)

For the push-forward operation in (34), two important properties have been derived

(F� F) : (X⊗Y) : (FT � FT) =
[
F
(

X + XT

2

)
FT
]
⊗
[
F
(

Y + YT

2

)
FT
]
, (35)

and

(F� F) : (X�Y) : (FT � FT) = 1
2

[(
FXFT

)
�
(

FYFT
)

+
(

FYFT
)
�
(

FXFT
)]
, (36)

where X and Y are two arbitrary second-order tensors. In the derivation of (35) and (36), useful
fundamental properties of double contraction operations between fourth-order tensors by Kintzel and
Başar [30] and Kintzel [31] have been utilized.

With the properties of double contraction operations between fourth-order tensors (35) and (36), the
general coupled fourth-order elasticity tensor in current configuration for isotropic hyperelastic materials,
using (34), can be converted from the fourth-order elasticity tensor in reference configuration (28) as

c = δ1(B⊗B) + δ2(B⊗B2 + B2 ⊗B) + δ3(I⊗B + B⊗ I) + δ4(B2 ⊗B2) +
δ5(I⊗B2 + B2 ⊗ I) + δ6(I⊗ I) + δ7(I� I) + δ8(B�B), (37)

where the eight parameters δ1, δ2, · · · , δ8 for the general CSE functional are given by

δ1 = 2c2√
I2J
− c2I

2
1√

I3
2J

+ +12c3c4(3c4 + 1)I
3c4−1
1
Ic4
3 J

, δ2 = c2I1√
I3
2J
, δ3 = −4c3c4(3c4 + 1) I

3c4
1
Ic4
3 J

, (38)

δ4 = − c2√
I3
2J
, δ5 = 0, δ6 = 4c3c24

I3c4+1
1
Ic4
3 J

, δ7 = 4c3c4
I3c4+1
1
Ic4
3 J

, δ8 = − 2c2√
I2J

. (39)

The coupled fourth-order elasticity tensors in both reference and current configurations (28) and (37)
have been derived for the general isotropic CSE functional.

3 Applications of General CSE Models

3.1 Modeling for Natural Rubber in Multi-axial Tension Tests

Uniaxial tension, pure shear, and equibiaxial tension tests of compressible natural rubber (NR) have
been conducted by Storåkers [32]. A self-developed graphics digitizer with MATLAB has been used to
read out experimental data in the three deformation modes. The nominal stress–stretch data and lateral
contraction–axial stretch data for compressible NR in uniaxial tension mode have been selected to fit
the general CSE model (20) with the GSF condition (17) and kinematic relation (7), respectively. With
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(a) stress–stretch relation (b) contraction–stretch relation

Figure 1. Comparison between general CSE model and uniaxial tension test of NR.

(a) stress–stretch relation (b) reduction–stretch relation

Figure 2. Comparison between general CSE model prediction and pure shear test of NR.

curve-fitting, the Poisson index of ν = 0.31041 is determined. The constitutive constants in uniaxial
tension mode have been solved by the trial-and-error-on-digit (TED) method and the linear least square
(LLSQ) method combined [33]. The comparison between the general CSE model and the uniaxial tension
test data, along with the lateral contraction–axial stretch curve, is shown in Figure 1.

The constitutive constants and ν = 0.31041 obtained in uniaxial tension mode have been submitted
into (21) and (22) respectively to predict the compressible finite deformation in pure shear mode. The
comparison between the general CSE model and the pure shear test data, along with the kinematic
prediction, is shown in Figure 2.

The constitutive constants and ν = 0.31041 fitted in uniaxial tension mode have similarly been
submitted into (23) and (24) respectively to predict the compressible finite deformation in equibiaxial
tension mode. The comparison between the general CSE model and the equibiaxial tension test data,
along with the corresponding kinematic prediction, is shown in Figure 3.

3.2 Modeling of Styrene-Butadiene Rubber in Uniaxial Tension Tests

Uniaxial tension tests of compressible styrene-butadiene rubber (SBR) filled with different volume-
percentages of silica particles have been conducted by Starkova and Aniskevich [34]. At least three
dumbbell shaped samples were tested at room temperature. A self-developed graphics digitizer with
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(a) stress–stretch relation (b) reduction–stretch relation

Figure 3. Comparison between general CSE model prediction and equibiaxial tension test of NR.

(a) stress–stretch relation (b) contraction–stretch relation

Figure 4. Comparison between general CSE model and uniaxial tension test of SBR.

MATLAB has been used to read out experimental data of nominal stress P1 and stretch λ1 as well as those
of axial stretch λ1 and lateral contraction λ2. The lateral contraction is assumed to relate axial stretch
by the Poisson function (7). With curve-fitting, the Poisson index of compressible SBR is ν = 0.41893.
Uniaxial tension test data for SBR filled with 14.11% of silica particles, exhibiting volume-expandable
behaviors, have been selected to fit the general CSE model (20) with the GSF condition (17). The
maximum ratio of current volume to original volume is 1.44018 at the maximum axial stretch of 9.48485,
indicating that the sample volume increases by about 44% in the uniaxial tension test. The constitutive
constants have been solved by the TED-LLSQ method. The comparison between the general CSE model
and the experimental data, along with the lateral contraction–axial stretch curve, is shown in Figure 4.

4 Discussion

Constitutive modeling of isotropic hyperelastic materials in finite deformations requires good theoretical
models and suitable experimental characterizations. As a common practice, theoretical models are
fitted with experimental data tested in certain deformation modes and the fitted models predict finite
deformations in unfitted and untested modes. The theoretical development of constitutive models,
the optimal design of experimental tests, and their numerical implementations into finite element
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Table 1. Constitutive Constants of General CSE Models for Rubbers.

Material c1 (MPa) c2 (MPa) c3 (MPa) c4 ν

NR 0.17929 0.89776 5.37199×10−14 5.15290 0.31041
SBR 0.71843 4.07522 8.82102×10−06 0.77831 0.41893

methods are crucial in real-world practical analyses and designs involving isotropic hyperelastic materials.
Accurate constitutive models fit tested deformation modes, predict untested deformation modes, guide
optimal designs of experiments, and even correct experimental errors while experimental tests determine
constitutive constants of models and give feedbacks of models.

4.1 Constitutive Modeling of Rubbers

For general isotropic CSE models, the constitutive constants for the two different isotropic hyperelastic
materials are listed in Table 1. The constitutive constants fitted from uniaxial tension tests of compressible
NR shown in Figure 1 are used to predict finite deformations at pure shear mode shown in Figure
2 and at equibiaxial tension mode shown in Figure 3. As shown, the predictions are accurate for the
pure shear mode at all stretches and overestimated the equibiaxial tension mode at small stretches but
underestimated at relatively larger stretches. The overestimation is common for equibiaxial tension mode
due to ignored shear stretch albeit only 1% of normal stretch in magnitude. The underestimation at
relatively larger stretches for the equibiaxial tension mode might be the branch due to bifurcation issues
[32]. For larger stretches of compressible SBR, the general CSE model and the Poisson function fit both
uniaxial tension tests and the kinematic relation accurately as shown in Figure 4. For the studied
compressible NR and SBR in uniaxial tension tests, the Poisson indexes are not even close to ν = 0.5
defined as an ideal incompressibility.

4.2 Experimental Tests of Compressibility

Uniaxial tension/compression, confined uniaxial compression, and hydrostatic compression or pure
dilatation tests are usually used to characterize compressibility of isotropic hyperelastic materials [35].
In general, a stored energy functional cannot capture stretches without stress work done. Thus, the
Poisson index relates a principal stretch with stress work done to other orthogonal principal stretches
without stress work done in experimental tests. The uniaxial tension test is still one of the most accurate
characterization methods. Unconfined uniaxial compression tests must be conducted with extra care in
lubrication to maintain uniform deformations (without barreling). The confined uniaxial compression test
becomes a confined volumetric test since the special relations of λ2 = λ3 = 1, λ1 = J , and P1 = p hold,
in which p is pressure. Intrinsic lateral deformation effects resulting from axial deformation, however, are
suppressed for all materials with the Poisson index of ν = 0.0, forming one extreme. The other extreme is
the perfect incompressibility with the Poisson index of ν = 0.5. From the tested isotropic hyperelastic
materials, the Poisson indexes for finite deformations fall within the range of 0.0 < ν < 0.5. Thus,
semi-confined uniaxial compression tests, rather than confined uniaxial compression tests, are slightly
better at characterizing compressibility of isotropic hyperelastic materials. Hydrostatic compression or
pure dilatation tests of compressibility, however, are not recommended.

For uniaxial tension and compression tests of isotropic hyperelastic materials, incompressibility is also
used to calculate the deformed cross section and Cauchy stress. With the assumption of incompressibility,
the Cauchy stress is overestimated for uniaxial tension tests with underestimated lateral contraction while
the Cauchy stress is underestimated for uniaxial compression tests with overestimated lateral stretch.
Thus, both axial and lateral stretches must actually be measured in the experimental tests [34,36].

4.3 The Isochoric–Volumetric Split

The isochoric–volumetric split results in the additive decomposition of stored energy functionals, construct-
ing decoupled formulations. Decoupled algorithms constitute the canonical procedures of finite deformation

66 Journal of Advances in Applied Mathematics, Vol. 5, No. 2, April 2020

JAAM Copyright © 2020 Isaac Scientific Publishing



computations in commercial software packages for isotropic and anisotropic hyperelastic materials. For
finite element implementations, the validity of the isochoric–volumetric split will be discussed based on
stretch, stress, and elasticity measures.

Stretch Measures. Finite deformations are fundamentally measured through the deformation gradient
tensor with three normal stretches, which provide distance change information, and six shear stretches,
which provide angle change information. The isochoric and volumetric deformations are secondary
definitions derived from the fundamental definitions. Intrinsic Poisson effects of hyperelastic materials are
suppressed in volumetric deformation modes. Instead of the pressure–volume relation, the characterization
of Poisson indexes is a key to model compressible finite deformations of isotropic hyperelastic materials.

The incompressible deformation is a special case of general deformations. When I3 is treated as a
variable, the general deformation includes incompressible deformations of I3 = 1 and nearly incompressible
deformations of I3 ≈ 1. When I3 is treated as a constant, however, part of deformation due to I3 is
eliminated by differentiations.

Stress Measures. Stresses are fundamentally evaluated by three normal stress components and three
shear stress components due to symmetry in the second Piola–Kirchhoff stress tensor or the Cauchy stress
tensor. The deviatoric stress and volumetric stress tensors are secondary definitions derived from the
fundamental definitions. The second Piola–Kirchhoff stress tensor or the Cauchy stress tensor is generally
given by

S = 2
[(

∂Ψ
∂I1

+ I1
∂Ψ
∂I2

)
I− ∂Ψ

∂I2
C + I3

∂Ψ
∂I3

C−1
]
, (40)

or

σ = 2
J

[(
∂Ψ
∂I1

+ I1
∂Ψ
∂I2

)
B− ∂Ψ

∂I2
B2 + I3

∂Ψ
∂I3

I
]
. (41)

Neither is the partial derivative ∂Ψ/∂I1 necessarily only a function of I1, nor is the partial derivative
∂Ψ/∂I3 only a function of I3. Thus, the last term of (40) or (41) is not a pure hydrostatic stress term.
Furthermore, the assumption of the isochoric–volumetric split is equivalent to assume that hydrostatic
stress should only depend on volume change [37,38]. Hydrostatic stresses can generally be evaluated by
taking one-third of the trace of (40) or (41), respectively

1
3trS = 2

3

(
3 ∂Ψ
∂I1

+ 2I1
∂Ψ
∂I2

+ I2
∂Ψ
∂I3

)
, (42)

or

1
3trσ = 2

3J

(
I1
∂Ψ
∂I1

+ 2I2
∂Ψ
∂I2

+ 3I3
∂Ψ
∂I3

)
. (43)

Hydrostatic stresses from both (42) and (43) are function of I1, I2, and I3, indicating the assumption
of hydrostatic stress only as a function of I3 is not true. For the general isotropic CSE functional, the
second Piola–Kirchhoff stress tensor and the Cauchy stress tensor are given in (25) and (26), respectively.
The third and fifth terms in (25) or (26) contain Ic4

3 coupled with I3c4
1 and I3c4+1

1 , respectively. Thus,
neither the second Piola–Kirchhoff stress tensor nor the Cauchy stress tensor can be decoupled into
deviatoric stress tensor and hydrostatic stress tensor in the finite deformation domain. Furthermore, the
stress is not just divided into two parts, deviatoric and hydrostatic, for finite elastic as well as plastic
deformations. For the general isotropic CSE functional, stress is generally composed of three indispensable
parts of contributions: distance-, area-, and volume-changes in the metric of differential geometry [25,39].

The partial differential equation of the general CSE functional can be recovered by rearranging (43)
and using (11) and (14)

J

2 trσ = σ : I
2J = I1

∂Ψ
∂I1

+ 2I2
∂Ψ
∂I2

+ 3I3
∂Ψ
∂I3

= Ψ, (44)
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where the general CSE functional Ψ is indeed an invariant since the mean Cauchy stress is an invariant,
making the CSE functional frame-indifferent. The general CSE functional as an invariant can be further
demonstrated by the following equivalent stress work done in isothermal processes

P : F
2 = S : C

2 = τ : I
2 = σ : I

2J, (45)

where τ is the Kirchhoff stress tensor and the work-conjugacy is preserved.

Elasticity Measures. Furthermore, the parameters contained with I3 of elasticity tensors are coupled
with I1. Thus, elasticity tensors cannot be additively decomposed into isochoric and volumetric parts.

For incremental finite element formulations of finite deformations, the Truesdell rate of stress should be
used since it is a work-conjugate implementation. Large errors in finite element predictions could occur as
a result of violating the requirement of work-conjugacy, especially for highly compressible materials [40,41].
In current incremental finite element implementations with the isochoric–volumetric split, ABAQUS
uses the Jaumann stress rate, ANSYS adopts the Green–Naghdi stress rate, and NASTRAN selects the
Truesdell stress rate formulations [42]. With the general CSE functional, the incremental finite element
implementations of finite deformations with the Truesdell rate of stress, without the isochoric–volumetric
split or incompressibility, has evidentially been even better for numerical properties in accuracy, efficiency,
and stability.

4.4 Summary

The relevant features regarding to constitutive modelings and finite element implementations of general
finite deformations for isotropic hyperelastic materials are emphasized and summarized as follows:

– The isotropic CSE functional (1) has been generalized from the constant power of c4 = 1 to the
variable power of c4, establishing the general CSE functional (11) for both unfilled and filled rubbers;

– In finite element implementations without the isochoric–volumetric split, the coupled stress and
elasticity tensors in reference and current configurations have been derived for the general isotropic
CSE functional;

– The general CSE models have been applied to model and predict mechanical responses of compressible
NR including kinematic relations in uniaxial tension, pure shear, and equibiaxial tension modes.
Additionally, uniaxial tension tests of compressible SBR with much greater stretches have also
successfully been modeled;

– In the uniaxial tension tests of compressible NR and SBR, the fitted Poisson indexes listed in Table
1 are not even close to ν = 0.5 defined as an idealized incompressibility;

– With the incompressibility condition, the Cauchy stress is overestimated for uniaxial tension tests with
underestimated lateral contraction while the Cauchy stress is underestimated for uniaxial compression
tests with overestimated lateral stretch;

– Mean stresses or pressures in terms of both the second Piola–Kirchhoff stress tensor (42) and the
Cauchy stress tensor (43) are function of I1, I2, and I3. Thus, the deformation of a material under
pressure due to distance-, area-, and volume-changes are indispensable and inseparable. Therefore, it
is daunting to distinguish what portion of applied pressure changes distances, what portion of applied
pressure changes areas, and what portion of applied pressure changes volume either in experimental
tests or in theoretical analyses;

– The assumption of the isochoric–volumetric split is equivalent to assume that hydrostatic stress
should only depend on volume change [37,38]. The isochoric–volumetric split is invalid based on either
theoretical analyses through stretch, stress, and elasticity measures in the current study or other
experimental validations [23,24];

– Instead of irrational pressure–volume relation, three orthogonal stretches, λ1, λ2, λ3, for anisotropic
soft biological tissues and two orthogonal stretches, λ1, λ2 = λ3, for isotropic hyperelastic materials
should be measured simultaneously in uniaxial tension tests for compressibility. A principal stretch
with stress work done, λ1, should be related to other orthogonal principal stretches without stress
work done, λ2 and λ3, through the Poisson index in uniaxial tension tests;
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– The general CSE functional is consistent in work-conjugate formulations through modeling, predicting,
and implementing. Nevertheless, the equivalent work done used to establish the general CSE functional
in isothermal processes by four different conjugate pairs commonly used in continuum mechanics is
given in (45).

5 Conclusions

The general CSE functional (11) is applied to model and implement compressible finite deformations of
isotropic hyperelastic materials without the isochoric–volumetric split. The related stress and elasticity
tensors in reference and current configurations have been derived. The isochoric–volumetric split is invalid
based on either the theoretical analyses or the experimental validations. Kinematic relations by Poisson
function as an example, rather than irrational pressure–volume relation, should be characterized in
uniaxial tension tests of compressible rubbers. The Poisson index should relate a principal stretch with
stress work done to other orthogonal principal stretches without stress work done.

The general CSE constitutive models, along with the Poisson function, have been applied to curve-fit
the uniaxial tension test of compressible NR and to predict corresponding pure shear and equibiaxial
tension behaviors. Additionally, uniaxial tension tests of compressible SBR bars with much greater
stretches are also successfully modeled.

The general CSE functional will be extensively applied to a wide range of mechanical responses for
both unfilled and filled rubber-like materials.
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