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Abstract In this paper, we consider a stochastic SIQS epidemic model by introducing random
fluctuations. Then we present the disease extinction. Moreover, we investigate the stochastically
asymptotic behavior of this model with use of the Markov semigroups theory. Finally, we give some
numerical simulations to illustrate our mathematical findings.
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1 Introduction

Quarantine is a commonly used measure to govern the spread of infection qualitatively and quantitatively.
For a long time, mathematical models have become important tools for disease control. There are many
scholars focusing on epidemic models with quarantine (see [1,2,3,4]). The classics SIS epidemic model
with quarantine was studied by Herbert and Ma [5] as follows

S'=A—BSI—dS+~I+¢eQ,
I'=8SI —(d+a+d+7)1, (1)
Q =0I—-(d+a+e)Q.

In this model all parameter values are nonnegative (A, 5,d > 0 ) and summarized as follows:

A: the influx of new members into the population per unit time;

B: the transmission coefficient between compartments S and I;

d: the proportional coefficient of quarantined;

d: the natural death rate for S, I, Q compartments;

v: the recovery rate;

e: the rate of losing their immunity for quarantined individuals;

a: the death rate caused by disease.

And S, I, @ denote the numbers of susceptible individuals, infected individuals and quarantined
individuals, respectively. The basic reproductive number Ry of model (1) is

Ap

Ry=— it
T d(y+6+d+a)

Let the state space be X =R} ={(5,1,Q) : S > 0,1 >0,Q > 0}, the bounded set I' = {(5,1,Q) € X:
S+I+Q< %} C X. From [5] we have the following results for system (1):

(a) When Ry < 1, I' is an asymptotic stability region of the disease-free equilibrium Fy = (%, 0,0);

(b) When Ry > 1, the region I'\{(S,I,Q)|I = 0} is an asymptotic stability region of the endemic
equilibrium E* = (5*,I*,Q*), and Ej is unstable.

As we all know, there are full of randomness and stochasticity in our real life. Many studies [6,7,8] show
that environmental changes have a tremendous impact on the development of epidemic. The stochastic
differential equations (SDE) may be a more appropriate way for describing epidemics in many cases
[9,10,11,12]. For the model (1) the key parameter to disease transmission is the disease transmission
coefficient 8. Then we assume that 5 is subject to the environmental white noise, that is

ﬁ_>6+o-Bta
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where B, is a standard Brownian motion and o2 > 0 is the intensity of environmental forcing. Then
model (1) becomes

dSy = [A — BSiI; — dSy + VI + €Qq]dt — o SIdBy,
dly = [BSiI; — (d+ o+ 0 + ) 1;)dt + 0S¢ [;d By, (2)
th = [(51—75 — (d + o+ E)Qt]dt

The existence of a stationary distribution of model(2) and its asymptotic stability is studied in this
paper.
Denote
A%52

Ro=to = e s rdta)

(3)

In addition, the classical stochastic differential equation SIQS model introduced in this paper adopts
the method by Mao [13]. The method has been described in [14,15,16], and assumes that the parameters
contained in the model fluctuate near a mean value because of the environment’s continuous fluctuation.
By using the Markov semigroups theory, we demonstrate that the reproduction number Rj can be used
to control the stochastic dynamic of SDE model. If R§ < 1, the SDE system has a disease free absorbing
set which means the extinction of disease with probability one. If R§ > 1, the amplitude of the noise is
small enough, it has an endemic stationary distribution which sparks off the stochastical persistence of
the disease. In other words, random fluctuations can influence disease outbreak. This provides us some
useful strategies to regulate disease dynamics.

The rest of this paper is organized as follows: In Section 2, we present some preliminary knowledges;
In Section 3, we present the main results; In Section 4, we make numerical simulation to support our
results.

2 Preliminaries

To prove our main results we need some auxiliary definitions and results concerning Markov semigroups
and asymptotic properties which are present in [17,18,19,20,21,22].

Let X be the o-algebra of Borel subsets of X and there exists a Lebesgue measure m on (X, X).
There exists D = D(X, X, m) the subset for the space L' = L} (X, X, m),D={ge L' : g >0, ||g] =1},
where || - || stands for the norm in L. If P(D) C D then the linear mapping P : L' — L! is called a
Markov operator.

A family {P(t)}+>0 of Markov operators satisfies the conditions as follows:

(a) P(0) = Id;
(b) for s,t >0, P(t+ s) = P(t)P(s);
(c) the function t — P(t)g is continuous for each g € L! .

If for each t > 0 P(t)gx = g+ then the density g* is invariant. If there exists an invariant density g
such that tlggo |P(t)g — g * || = 0 for g € D, the Markov semigroup {P(t)};>¢ is asymptotically stable.

If for every g € D, it yields tli}m [ P(t)g(z)m(dz) = 0, the Markov semigroup {P(t)}+>0 is sweeping
A

in connection with a set A € X.

Lemma 2.1. For ¢ > 0, with a continuous kernel k(¢, z, y) set {P(t)}+>0 is an integral Markov semigroup,
which for all y € X satisfies [ k(x,y)m(dz) = 1. We assume that for every g € D then
X

o0
/ P(t)gdt >0 |
0

with respect to compact sets this semigroup is asymptotically stable or sweeping.
For the diffusion process (S, It, Q:), by P(t,x,y, z, A) we denote the transition probability function,
ie. P(t,x,y,z, A) = Prob{(S:, It,Q:) € A} (S, It, Q) is the solution of (2) where a initial condition is
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(So,Io, Qo) = (x,y, z). If t > 0, the distribution of (S, I}, Q) is absolutely continuous and has density
v(x,y,2). Then u(t, z,y, z) satisfies the following Fokker-Planck equation [22,9]:

Ou _ 102<52(90U) L Plew) 82(%)) _O(fiw) _ O(fou)  O(fsu)

ot 2 D2 dxdy dy? o dy 9z )

where (2,7, 2) = 22y? and

fi(w,y,2) = A= Bay —dx +yy + ez,
f2(l”7ya2'):5$y—(d+a+5+7)ya (5)
f3(z,y,2) =0y — (d+a+e)z.

Connected with (4) now we present a Markov semigroup. For V(x,y,2) € D, set P(t)V(x,y,2) =
u(x,y, z,t). Since P(t) is a contraction on D of L!(X, X, m) it can be extended to a contraction. Conse-
quently, the Markov semigroup is formed by the operators {P(¢)};>0. Set A be an infinitesimal generator
for the semigroup {P(t)}i>0, i.e.

AV = Lp(ZAEV) | PV) 0AeV)y AAV) _AV) O,

2 Ox? 0z 0y Oy or Oy 0z
The adjoint operator A* is
w1 o @P(V)  9P(pV) | P(eV) ov. . ov. oV
AV =50 002 ozdy o2 )*fl*”? g

3 Main Results

In this section, we present the main results.

3.1 Disease Extinction

Useing the same way as in [23], we can get that for any initial value (S, Iy, Qo) € I, there exist a unique
global solution for model (2) and the solution will stay in I" whenever it starts. That is:

Theorem 3.1. For any initial value (S, In, Qo) € I" ,there exists a unique global solution (S, I+, Q) € I’
for the model (2) on ¢ > 0 with probability 1, that is,

P’I"Ob{(St,]t,Qt) eIVt > 0} =1.

Theorem 3.2. Let (S, I+, Q¢) is the solution of model (2) with any glven initial value (Sp, Ip, Qo) € I

One of the following conditions satisfied (1)4 02, Ry <1; (2)4 > U%, o? > m we have
. In It
limsup — < —¢ < 0, a.s.,
t—o00 t
1
lim sup ntQt < min{—(d + a +¢),—c}, a.s., (6)
t—o0

A
tlggo Sy = E a.s.,

d 5+ v)(1— R hen 4 < &
where ¢ = { (da+6+9) §): when d = o*7 In other words, the disease dies out in probability

(d+a+3+7)— £, when 4> 5.

o
one,
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Proof. By Itdé’s formula, we have

11,

= ¢(S,I)dt + 0SdB;,

where ¢ : R — R is defined by
1
$(S,1) = BS = (d+a+d+7) - 50°5%
Hence,
t t
Inl, =Inl, +/ &(S,, 1,)ds +/ 0S,dB,, (7)
0 0

set G(t) = fot 0SsdBg implies that

(G.G) 1 [" 5 o A2
" 220055d8§0ﬁ<+00'
By the large numbers of martingale laws [9], we get lim sup %t) =0 a.s..
t—o0
We can get
if 4 < 5
1
$(S,I) = BS = (d+a+d+7) - 50793
_ 1 B, B
= 5(aS ;) +to3 (d+a+d+7)
1 5,4, A
< _Z - -
< =50 (d) +Bd (d+a+d+7)
=(d+a+d+7) (R - 1),
1f%>%,

¢(S,I):65—(d+a+6+7)—%0252

——1(5—§)2+—2—(d+ +047)

-9\ o 202 “ 7
L, B B

<50 () H B —(d+atity)
62

It then follows from (7) that
Inl; <Ilnly—ct+ G(t).

Dividing by t on the both sides of above inequality and letting ¢t — oo we can get that there exist some
null set N7 so that Prob(N7) = 1 and for any w € N,

. In It
limsup — < —c¢ < 0,
t—o0

Thus for any sufficiently small 77 > 0, there exists 77 = T3 (w) so that

Li(w) < el=etm)t wi > 7y (8)
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Therefore, following from the third equation of the model (2), for all w € N7, if t > Ty (w),

t
Qt(w) — e—(d+a+s)t ((5/ e(d+a+s)slsd8 + QO)
0

T t
< Qoef(dJraJre)t + 567(d+a+5)t/ 1 e(d+a+5)51—8d8 + 567(d+a+e)t/ 6(d+a+efc+n1)sds'
- 0 T
It follows that for any w € N}

lim sup — ant( ) <min{—(d+a+¢),—c+m},

t—o0

Let n; — 0, we get

lim sup — ant( ) <min{—(d+a+¢),—c} =-A\

t—o0

Thus for any sufficiently small 72 > 0 and w € N7, there exists Ty = T(w) such that
Qi(w) < A i > Ty (9)

From model (2), we have N = A—dN —a(I +Q).It follows from (8) and (9) and the Limit Theorem[24]
we obtain: the limit equation is N = A — dN and tli}m N =%

Together with (8) and (9), it yields tlim Sy = %, a.s. The proof is completed. O
— 00

3.2 Stationary Distribution Exists

Theorem 3.3. Let (S, I, Q;) be the solution of model (2) with any initial value (Sg, Iy, Qo) € I'. If
R§ > 1 and 0? < min{A;, Ay, A3}, where

hy = 2ef + 2d3(2d + ),
hy=d+a+ 2 %4 ats),
by =I"(2d + a)(2d + a + £ + 9),
~5”d y( eB(d+ 1)+ 02by),
bs=d+a+%(d+a+€).

Then there exists a unique density u,(z,y, z) which is the steady-state solution for model (2) and

lim /// lu(t,x,y, z) — u«(x,y, 2)|dedydz = 0.
t—o0

Furthermore, we get

A A
H:suppu*z{(x,y,z)ex:m<x—|—y—|—z<g}. (10)

The strategies for this proof are as follows:

e First, with the use of Hormander Theorem [25], it shows that the transition function for process
(St, I+, Q:) is absolutely continuous.

e Then, with the use of support theorems [26,27], on X, it shows that the density for transition
function is positive.

e Next, it shows that the afFoguel alternativeas [20] is satisfied for Markov semigroup.

e Finally, by proving there is a Khasminskii function [28] we exclude sweeping.

We realize this strategy by following Lemmas 3.4, 3.5, 3.6, 3.8, 3.9.
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Lemma 3.4. For each point (xo,y0,20) € X and ¢t > 0, P(t,x,y, 2, A) is the transition probability
function which has a continuous density k(t, z, y, z; o, Yo, 20)-

Proof. If b(x) and c(x) are vector fields on R, then the Lie bracket [b,c] is a vector field given by

d
s =) (o2 @)~ e 2 @), =12,

=N Ok
Let
A= BSI—dS +~I +Q —0SI
w(S,1,Q) = | BST—(@+a+6+2I |, au(S,1,Q) = | oSI
0 —(d+a+¢)Q 0

Then, by direct calculating, the Lie bracket [ag, a1] is a vector field given by

—Aol —oyI? —e0lQ+ (d+ a+6)oSI
as = [ag,a1] = Aol —doST + ovyI? 4+ colQ
—00ST1

and

—Ad?I? — o413 — 20212Q — 0?4ST? + (a + §) a2 ST?
az = [a1,a2) = | Ao?I? + 02y + £0?1%Q + 0?ySI? — (a + §)o?SI?
025SI? — 0%5S%1

Then a1, az, as are linear independent on X. Hence for every (5,1, Q) € X, vector a1(S,1,Q), a2(S,1,Q),
a3(S, I, Q) span the space X. By the Hormander Theorem, the transfer probability function P(¢, z,y, z, A)
has a continuous density k(t, z,y, z; Zo, Yo, 20), k € C*((0,00) x X x X). O

Then, we present a method which based on support theorems that allows us to check at which the
kernel k is positive. Fix a function ¢ € L?([0,7];R) and a point (zo, yo, 20) € X, considering the following
integral equation system:

74(t) = w0 + / (12 (@(5),w6(5), 20(5)) — dorzo(s)ys(s) ) ds,

1o(®) =0+ [ (Real)16(). 26(9) — b7 (5o()) s, (1)

o) = 20+ [ Fa(ao(s).s(o).2o(s)) .

where f1(x,y,2), fo(x,y,2), f3(x,y,2) are defined as (5).

For function h — X4 (T) from L2([0,T];R) to X, let Dx,.s is the Fréchet derivative. We denote
X = (z,y,2)T, Xo = (z0,Y0,20)7, as for some function ¢ € L*([0,T];R) the derivative Dx,.4 has rank 3,
then for X = X4(T) have k(T z,vy, ; o, Yo, 20) > 0. Let

w(t) = J'(Xs(1) + 69" (Xs(1)),

—oxy fl(x7yuz)
where ¢’ and f’ are the Jacobians of ¢ = | ozy | and f = | fa(z,y,2) |. And let H(t,ty), for
0 f3(xayv2)

0 <ty <t < T, bea matrix function such that H(tg,tg) = Id and %’;’t‘)) = U(t)H(t,tp). Then
Dxyih = [ H(T,s)g(s)h(s)ds.

Lemma 3.5. For each (xq,yo, 20) € IT and (z,y, z) € II, there exists T > 0 such that k(T z, y, z; zo, Yo, 20) >
0, where IT is the same as in (10).
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Proof. Since a continuous control function ¢ is considered, model (11) can be removed by the following
differential equations model:

(24(1),ys(t), 26(t)) — by (t)ys(t), (12)

N
&
&
=
=
I
ol
—
=
<
—~
o~
=
N
<
)
~~
=
N
<
)
~~
=
=

First, we prove that the rank of Dx,,4 is 3. Let n € (0,7") and h(t) = %7 t € [0,T7], where x is the

characteristic function. We obtain

1 1
Dxyph =nv = 5n*®(T)v + 2> ¥*(T)v + o(n®),

—0
where v=| o |. Compute
0
(B+¢o)(y —z)+d+ by
VI =0 | (B+60)(@—y)—(d+a+d+7) |, ¥ (T)v=0|bs],
0 b3

where

by = —(By +d+ ¢oy)® — (=Ba + v — ¢pox)(By + doy) — (By + d + pox)(—pz + 7 — dow)
+(=Bx+v—gox)(fr—d—a—05—v+ pox) + €0,
by = (By + ¢oy)(By + d + ¢oy) — (fr —d —a = 6 — v + gox)(By + ¢oy
+(=Br + 7 — ¢ox)(By + doy) + (Br —d — o = § =y + gow)?,
by = —6(By + ¢oy) +d(fr —d—a— 6 — v+ ¢ox) — 6(d+ a +¢).
Therefore, it follows that v, ¥(T)v and ¥?(T')v are linear independent and the rank for derivative Dx,.»
is 3.
Next, we claim that for any two points X € IT and X € IT , there exist 7' > 0 and a control function
¢ so that X4(0) = Xo, X4(T) = X. Let wy = x4 + yp + 24, model (12) becomes

xy(t) = gr(zg(t), we(t), 24(t) — powy(t)(we(t) — x4(t) — 24(1)),
wy(t) = g2(w4(t), we(t), 26(1)), (13)
2g(t) = ga(we(t), we(t), 24(t)).

where
gi(z,w,2) =A—Br(w—x—2)—dz+vy(w—z— 2) + ¢z,
g2(z,w,2) = r(w -z —2) = (d+a+d+7)(w—=z—2), (14)
g3(z,w,z2) =6(w—xz —2) — (d+ a+e)z.

Let

A A
HOZ{(%U),Z)EX:O<33,Z<* <w<gandz,z<w}.

A
d’ d+a
Now we prove that for any (zg,wp,20) € IIp and (x1,w1,21) € Iy, there exist T > 0 and a control
function ¢ so that (24(0), we(0),24(0)) = (zo, wo, 20) and (z4(T), we(T), 24(T)) = (z1, w1, 21)-
In following way we construct the function ¢. First, we choose a positive constant 7" and a differentiable
function wy : [0,T] — (d_%(, %), so that wy (0) = wo, we(T) = w1, wy(0) = g2(zo,wo, 20) = wd, wy(T) =
g2 (w1, w1,21) = wh and

A= (d+ a)wy(t) < wy < A—dwg(t) for t € [0,T]. (15)
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We divide the construction of function wy into three intervals [0,¢], [e,T — €] and [T — ¢, T, where
O<e< % Let n = %min{wo—ﬁ,wl—ﬁ,g—wm%—wl}.

When wy € (dJ%a +1,4 —n), we have
A—(d+ a)wy(t) < —(d+ a)n < 0 and A — dwg(t) > dn > 0 for ¢t € [0,T]. (16)
In view of (16) we construct a C? function wy : [0,e] — (d_%a +n, % — 1), so that
wy(0) = wo, wy(0) = wf, wi(e) =0

and for t € [0,e] have w, satisfies (15). Similarly, we construct a C? function wy : [T — &,T] —
(d+ia + 7, % —n), so that

wy(T) = w1, wy(T) = wd., wy(T —€) =0

and for ¢ € [T — ¢, T] have w,, satisfies (15).
Taking T' large enough, we extend the function wy : [0,e] N [T —&,T] — (d%l +n,4 —n) to a C?
function wg which defined on the whole interval [0, T so that

A= (d+ a)wg(t) < —(d+ a)n < wy(t) <dn < A—dwg(t) for t € [e,T — €],

Consequently, we get function wg that satisfies (15) on [0, T. Therefore, there exists two C! functions z
and z, which meet the second and third equations of (13) and we can confirm a continuous function ¢
from the first equation of (13). This proof is completed. O

Lemma 3.6. Assume that Rj > 1. For every density g and the semigroup {P(t)}i>0, we get
Jim [[] P(t)g(z,y, z)dzdydz = 1, where II is given in (10).
— 00 7

Proof. Let Z; = S; + I; + R; . Then model (2) can be replaced by

dS; = 91(S¢, Zy, Qi)dt — ¢poSy(Zy — Sy — Q1)dBy,
dZ; = g2(St, Zt, Q1) dt, (17)
th = g3(St7 Ztv Qt)dta

where g1 (z,w, 2), g2(x,w,z) and gs(z,w, z) are defined in (14). Since (S, Z¢, Q¢) is a positive solution of
model (2) with probability one, we get

dz
A—(d+a)Z, < th < A—dZ;, t € (0,00), a.s.. (18)

Now we prove that for almost every w € 2, there exists tg = to(w) such that

A A
— < Z =, fort >ty.
d+a< t(w)<d, or t > tg

According to the position of initival value Z; we consider three possible cases:

(a) Zp € (d%w 4). On this occasion, our claim is obvious from (18).
(b) Zy € (0, (Hia) Assume that the assertion does not hold. Then there exists £’ C {2 increases with

Prob(£2') > 0 such that Z;(w) € (0, dJ%a), w € . Tt follows from (18) that for any w € 2, Z;(w) is

increase in the strict sense on [0, c0). Therefore,tlim Zy(w) = H%, w € 2. From the third equality of
—00
A

= Zra» w € 2. By Itd’s formula,

- ey _ f .
(17), we obtain tlgglo Si(w) = tlirgo Qi(w) =0, w € 2/, hence, tlggo I(w)

we get

1
dinl, = (5& —(d+a+d+n) - §a2sf)dt + 0S,dB;.
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It yields

Inl; —Inl 1

t t
B 1 oo 1
: - 2/0 (BSS (d+atd+y) -0 Ss)ds+¥/0 0S.dB,.

In view of %fg 0282ds < 023—22 < 400, by the strong law of large numbers for martingales [9], one has

tli}m %fot 0SsdBs = 0. a.s. Therefore, we have

t

1/t 1 1
lim ~ (583—(d+a+6+7)—50253)ds+¥/aSsst:—(d+a+5+7).

t—oo t 0 0

% = 0 and the assertion

Since S; and I; are continuous. This contradicts the hypothesis that flim
L— 00

established.
(¢c) Zp € (%, +00). By contradiction and similar parameters to (b), we assume that there exists 2/ C {2
with Prob(£2') > 0 so that lim Zy(w) = 4, wen.
—00
On account of the second and third equalities for (17), we get, for any w € 2/,

t
Zi(w) = e—(d+a)t(Z0 +/ €(d+“)s(/1+a53)ds),
0

t
Qu(w) = e~ @ttt (Qq 4 § / (Mt (7, - 8,)ds ),
0

hence, for any w € 2/, lim Sy(w) =
t—00

t—o00 —00

1 _ 1/t 1 1/t
lim ~lnl; —Inf = lim <?/o (ﬁSs—(d+a+6+7)—§a253>d5+;/0 aSsst)

2

A 1 ,A
_53—(d+a+6+7)—§a Z

=(d+a+d+7)(R—1)
>0, a.s. on (2.

This contradicts the hypothesis that tlim I; = 0 a.s. and the proof is completed. g
— 00

Remark 8.7. From Lemmas 3.5 and 3.6, we can get that if there exists a stationary solution u, for the
Fokker-Planck equation (4), then supp u, = II.

Lemma 3.8. Assume that R§ > 1. The semigroup {P(t)};>0 is sweeping or asymptotically stable as for
the compact sets.

Proof. From Lemma 3.4, {P(t)};>0 is an integral Markov semigroup respect to a continuous kernel
k(t,x,y, 2, 2o, Yo, 20) for t > 0. Then, there exists a density u(x,y, z,t) which satisfies (4) for distribution
of (S, It, Q). According to Lemma 3.6, it follows that it is sufficient to study impose restrictions on
the semigroup {P(t)}+>0 to the space L'(IT). From Lemma 3.5, for every f € D, we have fooo P(t)fdt =
0, a.s. on II.
According to Lemma 2.1 the desired result follows. ad
The semigroup {P(t)};>0 is asymptotically stable which is shown by the following lemmas.

Lemma 3.9. Assume that Bj > 1 and 0? < min{A;, Ay, A3}, where\; = 2‘1%, Ay = 5, A3 =

2d+a
2dtat = (2d+a+5), Ay, Ag, As are defined as before. Then we can get the semigroup {P(t)}:i>0 is

B
asymptotically stable.
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Proof. By Lemma 3.8, the semigroup {P(t)}:>0 satisfies the Foguel alternative. In order to rule out
sweeping we should construct a non-negative C2-function V and a closed set O € X so that

sup A*V <O.
(8,1,Q)eX\O

We call this function Khasminskii function [28].
When Ry > 1, there exists an endemic equilibrium E* of model (1). Then we can get

A=pS*TI*+dS* —~AI" —eQ*,BS*I" = (d+a+ 0+ )6  =(d+a+e)Q".

Let

ﬁ
2
A I
+32(Q—Q*)2+/\3(I—I*—I*IHF)
=Vi+MVo+ X V3+ A3V,

V(S,I,Q):%(S—S*+I—I*+Q—Q*)2+ (S—8*+1—T1")?

where A1, A2, A3 are defined as in Theorem 3.3, V is a nonnegative C%-function. Then

AV, :(S—S*+I—I*+Q—Q*)(A—d(S+I+Q)—a(I+Q)>
=—d(S— 52— (d+a)I—I")2—(d+a)(Q— Q) — (2d + a)(S — §*)(I — I'*)
—(2d+20)(I - I")(Q — Q") — (2d + a)(5 = S)(Q — Q"),
A*Vg:(S—S*+I—I*)(A—d(S+I)—aI—§I+€Q)
= d(S— 52— (d+a+0)(I —I")?—(2d+a+8)(S—S)I I
+e(I = I")(Q — Q") + (S — S7)(Q — QY),
A V3 = 30—2521* +B(S = S*)(I —I7),
AV = (Q - Q*)((SI —(d+a +5)Q)
=—(d+a+e)(Q-Q")+(1I-T1Q—-Q),

Hence, we have

AV = AV + MAVy + M A"V + A3 A"V
=—d(1+M)(S—8)2—(d+a+ (d+a+8)I 1?2

1
—<d+ a+X(d+a+ s))(Q Q")+ 5021*A3S2

= —ﬁ(QEBd—F 26(2d + a)d — 0*I*(2d + ) (e + 2d + a + §))

S 2€ﬂd2d+g+6 s
(5= 2¢d + 28(2d + a)d — 02T*(2d + a)(e + 2d + a + 0)
—(d+ a+ 2d;ra(d+oz+5))(]7[*)2 —(d+a+ g(d+a+5))(Q7Q*)2
(d+ d22(2e8(d — 1) + 02 I*(2d + a) (e + 2d + a + 6)))S*2
2e +26(2d + a)d — 62I*(2d + o) (e + 2d + a + §)
= —a1(S = 015%)* —ax(I — I')? — a3(Q — Q*)* + au.

*)2
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In view of the conditions, we can get

(d+ d2H2(2e8(d — 1) + 0?1 (2d + @) (e + 2d + a + 6))) _,»
2ef +28(2d + a)d — o2I*(2d + a)(e + 2d + a + )
Qé_ﬂdz (2d+a2+5)2
2e +26(2d + a)d — a2I*(2d + a)(e + 2d + a + 9)
d+a+)\2(d+a+€)}.

<min{ S, d+a+ M(d+a+0),

It then follows that the ellipsoid —ay (S — b1.5*)? — as(I — I*)? — a3(Q — Q*)? + a4 = 0. Lies entirely
in X. Therefore there exists a closed set O € X which contains this ellipsoid and ¢ > 0 such that

sup A*V < —c¢ < 0.Using similar arguments to those in [28], the presence of a Khasminskii
(5,1,Q)eX\O
function means that the semigroup is not sweeping from the set O. The proof is completed. O

Remark 3.10. Tt should be noted that the condition of Lemma 3.9 suggests ,if we wanna have a stationary
distribution, that the amplitude of the noise should not be too large .
Therefore, together with Lemmas 3.8 and 3.9, we obtain Theorem 3.3.

4 Numerical Simulations

In this section, we present a numerical example to illustrate the analytical results. In the following, we
assume that A = 04,6 = 0.005,¢ = 0.5, = 0.01,8 = 0.2,d = 0.2,y = 0.04. It is easy to calculate
Ry = m ~ 1.626 > 1. From [5] we obtain that the model (1) has one endemic equilibrium.
By the above parameters, we can obtain the locally stable endemic equilibrium E* = (S*, I*, Q*), and
unstable Ey. But for the stochastic model(2), there exists a stationary distribution. When S(0) = 0.3, 1(0)
= 0.3, Q (0) = 0.4 and noisy intensity ¢ = 0.1. By calculating, it satisfies the condition of Theorem 3.3.
In other words, there exists a stationary distribution shown in Figure 2. Using the Kolmogorov-Smirnov
test to compare the distributions of the stochastic solution paths of S, I and @ at t = 4000, 4500, 5000
based on 5000 sample paths with S(0) = 0.3, I(0) = 0.3, Q(0) = 0.4 with noisy intensity ¢ = 0.1. 5000
sample paths of stochastic model were run until ¢.,q = 5000.

In Figure 1, we plot the boxplot of the 5000 sample paths of S, I and @ at t = 4000, 4500, 5000,
respectively, and find that the mean, minimum and maximum values at ¢ = 4000, 4500, 5000 are all on
a straight line of S, I and @, respectively. Further, putting together the probability density functions
at t = 4000, 4500, 5000 of S, I and @, respectively, we find that the curves almost overlap (see Figure 2
and Figure 3). Therefore, the stochastic model has a unique asymptotic stability stationary distribution.
Use 10-point type for the name(s) of the author(s) and 9-point type for the address(es) and the abstract.
For the main text, please use 10-point type and single-line spacing. We recommend the use of Computer
Modern Roman or Times. Italic type may be used to emphasize words in running text. Bold type and
underlining should be avoided.
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Figure 1. Boxplots of the sample paths for susceptible individuals S, infected individuals I and quarantined
individuals Q when S(0) = 0.3, I(0) = 0.3, Q (0) = 0.4 and noisy intensity o = 0.1 based on 5000 sample paths at
t = 4000, 4500, 5000.
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Figure 2. Histogram of the probability density function for susceptible individuals S (first line), infected individuals

I(

second line) and quarantined individuals Q (third line) when S(0) = 0.3, I(0) = 0.3, Q (0) = 0.4 and noisy

intensity ¢ = 0.1 based on 5000 sample paths at t = 4000 (left column), t = 4500 (middle column), t = 5000
(right column).
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Figure 3. The probability density function for susceptible individuals S, infected individuals I and quarantined
individuals Q when S(0) = 0.3, I(0) = 0.3, Q (0) = 0.4 and noisy intensity o = 0.1 based on 5000 sample paths at
t = 4000, 4500, 5000.
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