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Abstract Generalized monotone method together with coupled lower and upper solutions yield
monotone sequences which converge uniformly and monotonically to coupled minimal and maximal
solutions of the nonlinear problem under consideration. In this work, we have developed generalized
monotone method for sequential Caputo fractional boundary value problem with mixed boundary
conditions which are in terms of Caputo fractional derivative. For that purpose, we have obtained
a representation form for the corresponding linear Caputo sequential boundary value problem in
terms of the Green’s function. In addition, we have obtained a linear comparison result for the
linear sequential differential inequalities with linear mixed boundary conditions. The comparison
result is useful in proving the monotonicity of the iterates as well as the uniqueness of the solution
of the nonlinear sequential boundary value problem. Our method yields the integer results as a
special case. Some numerical examples for the linear sequential Caputo fractional boundary value
problems have also been presented.
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1 Introduction

It is well known that fractional dynamic systems represent better mathematical models than its counter
part of dynamic systems with integer derivatives. See [1-7,9-13,16-18,22] and the references therein
for initial and/or for boundary value problems and its applications. Among the different definitions of
fractional derivatives, dynamic systems involving Caputo derivative are closer to integer derivative. The
reason for that is, when the fractional order ¢ is an integer, the Caputo fractional dynamic systems reduces
to a dynamic systems with integer derivative. In addition, the initial conditions and/or the boundary
conditions of Caputo fractional dynamic systems are the same as that of the integer derivative. However,
the solution of the Caputo initial value problem of order ng such that say (n — 1) < ng < n, does not
reduce to the solution of the corresponding integer dynamic systems of order n when ¢ = 1. See section
4.1.3 of [2] where the explicit solution for Caputo initial value problem of order ¢ when n —1 < ¢ < n,
has been obtained. If ¢ = n, one cannot obtain the corresponding integer result as a special case. The
reason for this is the fact that the Caputo derivative is not sequential, where as the integer derivative is
sequential. In this work, we seek solutions of nonlinear Caputo boundary value problem, when the Caputo
derivative of order 2q is sequential of order g. That is ¢D*u(z) = ¢D?(°D9(u(z))). We assume that both
the left and the right derivatives are sequential for boundary value problem under consideration. The
sequentiality of the Caputo derivative has an added advantage in modeling by using ¢ as a parameter not
only in the dynamic equation but also in the initial, and/or boundary conditions.

In literature most of the existence and uniqueness result for Caputo boundary value problems has
been obtained using some kind of fixed point theorem. See [1,2,14,15,17,19-25]. In this paper, we have
developed generalized monotone iterative technique combined with coupled lower and upper solutions to
obtain the existence of coupled minimal and maximal solutions. For that purpose, consider the nonlinear
sequential Caputo fractional boundary value problem with mixed boundary conditions of the form

—°D*y(x) = f(x,u, D%(x)) + g(x,u, D%(z))
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for each « € J := [a, b], with boundary conditions,

agu(a) — Bo°Dlu(a) = by,
c (1.1)

alu(b) + 51 un(b) = by,
where f,g € C[J x R x R,R], u € C?[J,R]. However, in this paper, f and g above depends only on x, u,
with suitable conditions «;, 8; for ¢ = 1,2. Furthermore, note that the boundary conditions do involve the
value ¢D%u(z) on the boundary also. This means ¢ plays a role as a parameter in the boundary condition
as well. Also, generalized monotone method is a choice method when the nonlinear function is the sum of
an increasing and decreasing function in the nonlinear term. Further, it is also a constructive method.
We have obtained the Green’s function with the corresponding homogeneous boundary conditions to
represent the solution of the linear problem in terms of its nonhomogeneous term. We have also developed
a linear comparison result which is useful in proving the monotonicity of the iterates and the uniqueness
of the solution of the linear and nonlinear boundary value problem. In addition, we have presented some
numerical results for the linear sequential Caputo fractional boundary value problem with homogeneous
boundary conditions. All our results yield the known integer results as a special case.

2 Preliminary Results

In this section, we recall some basic definitions which are needed in our main results.
Definition 2.1. The Caputo (left-sided) fractional derivative of u(x) of order q, whenn —1 < g <n, is
given by equation

1 x
‘D! u(x) = m/ (. —s)" "™ (s)ds, = > a,
a

and (right-sided) fractional derivative is given by

c N4 (_1)n ’ n—gq—1, (n)
D} u(z) = 7/ (s —x) u™(s)ds, z < b,

d"(u)

where u(™ (t) = T

In particular, ¢ = n, an integer, then ¢D9u = u(™ (z) and D = /() if ¢ = 1.

Definition 2.2. The Riemann—Liouville (left-sided) fractional derivative of order q, when (n—1) < g <mn
is defined as,
1 d

Dy u(x) = m(%

" / (x —s)" " u(s)ds, = > a,
a
and (right-sided) is given by

1 d

D _u(z) = fm(%

b
)”/ (s — )"~ tu(s)ds, = < b.
The relation between Riemann-Lioville and Caputo fractional derivatives have been established in
Lemma 2.2 of [2], when (n — 1) < ¢ < n. In this paper, we need this relation, for n = 1 and 2 only. Here,

we state the relation between the Liouville and Caputo fractional derivative, when 0 < ¢ < 1, only. If
0 <R(g) <1 and u(z) € [a,b] then

“Dule) = Dhule) = = (2.1)
“DI u(z) = u(b) ~ D u(x). (2.2)

[(l—q) (b—a)

This relation will be useful in our linear comparison theorem related to sequential Caputo boundary
value problem. See [2] Corollary 2.2 for more details.
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Next we present the sequential Caputo fractional derivative. See [1] for the definition of Riemann—
Liouville sequential derivative of order ¢, when ¢ = ¢; + ¢2 + ...... Qn-
In particular, if g1 = g2 = q3 = ... = q, then

D™ f(z) = DI(D...DI(f(x))).

We extend this definition to Caputo fractional derivative of order ng. In general, this need not be true for
Caputo fractional derivative and it is always true for integer derivatives. However, in this work, we seek
solutions of sequential Caputo fractional boundary value problem, so that integer results will be special
cases of our developed results.

The left sequential Caputo fractional derivative of order ng when, (n — 1) < ng < n, is given by,

‘D f(z) =Dy, (“Dyy (-.°Dyy ) f (),
and the right sequential Caputo fractional derivative of order ng when, (n — 1) < ng < n, is given by
‘D f(x) =Dl (°D{_(..°D{_)) f(x).

If we do not assume the Caputo derivative to be sequential, then the basis will be 1, (x —a), (z — a)?, (z —
a)?,....(x — a)" L. If the Caputo fractional derivative of order, n — 1 < ng < n, is sequential, then the
basis will be 1, (z —a)?, (z —a)??, ...(x —a)» Y9 and/or 1, (b— )9, (b— )9, ...(b— z)(»~19. For example,
let us consider (z — a)?, then D29(z — a)? # 0, whereas *D4(°D4(x — a)?) = 0. Throughout this work,
we assume ¢D2%y(x) = ¢DI(°Dlu(x)) and so on for any ng. In this case the basis will be 1, (z — a)?,
etc depending on n. Similar result is true for CDiq (b — )7 also. The next two definitions are related to
Riemann-Liouville derivative, when p 4+ ¢ = 1. It is relatively easy to prove the very basic comparison
results using the Riemann-Liouville derivative. Further using the relation between Caputo derivative and
the Riemann-Liouville derivative, one can obtain the basic comparison result for Caputo derivative also.
For that purpose, we recall the next two definitions.

Definition 2.3. We say that m(x) is a C; continuous function on [a,b], R if m(z) is continuous on

[(a,b],R] and (x — a)'=9m(x) is continuous on [a,b],R].
Definition 2.4. We say m(x) is a C}) continuous function on [[a,b, R] if m(x) is continuous on [[a,b),R]
and (b — x)*~9m(z) is continuous on [[a,b], R].

Remark: In this work, we are discussing the solutions of sequential Caputo fractional boundary value
problem which are known to be C? functions on [a, b]. Hence the solutions we are seeking are automatically
C), continuous functions. See [1-3] for details. We use this information in our auxiliary result.

3 Auxiliary Results

In this section, we develop some auxiliary results which are useful in our main results. Our first auxiliary
result is a comparison result related to linear sequential Caputo boundary value problem. Consider the
linear sequential boundary value problem

—¢D%y + p(z)°D%u + q(z)u = F(z)
Oéo’u,(O) - BQCDqU(O) = bo (31)
aru(1) + f1°D%u(l) = by,

where F(z) € C[[0, 1], R]. Here and throughout this paper, we assume that ag,a; > 0 and £y, 51 > 0
such that agf; + o189 # 0. Our aim is to develop a linear comparison result, in such a way that the
linear sequential Caputo boundary value problem (3.1) has a unique solution. Our linear comparison
result yields the integer comparison result as a special case for ¢ = 1. In the integer derivative, we use the
fact that the left and the right first and the second derivatives are the same at any given point. Similarly,
here and throughout this work, we assume that the left and the right Caputo derivative of order ¢ and 2q
are the same at any given point on [a, b]. That is, for any =1 € [a, b], we assume

‘DI f(@)|omay = CDZ*f(xH“J:””l
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and
CDZ+ (CDZ+)f(x)|x:r1 = CDZf (CDZ—)f(x)‘z:mr

This follows from the fact that °D?f(x), and *D?(°D?f(z)) are continuous functions of z on [a, b]. We
need this in order to develop the basic calculus result for fractional derivative at a point of maxima.

We recall the first basic result relative to left Riemann—Liouville derivative.

Lemma 3.1. Let m in Cp(J,R)(J = [a,b]) be such that for some x1 € J, we have m(x1) = 0 and
m(z) <0 for x € (a,x1]. Then DI m(z)|p=s, <O0.

See [8] for detailed proof. Note that this result is true for Caputo left derivative also, using the relation
between the left Riemann—Liouville derivative and the left Caputo derivative of order q.
The next lemma provides a similar result as Lemma 3.1 for the right Riemann—Liouville derivative.
Although the proof is similar to the left Riemann—Liouville derivative, we provide the proof here for
completeness.

Lemma 3.2. Let m € C)(J,R)(J = [a,b]) be such that for some x1 € J, we have m(z1) = 0 and
m(z) <0 forz € [x1,b). Then D}_m(z)|z—e, > 0.

Proof. Note that the right Riemann-Liouville derivative at any x in (a, b) is given by
b
Di_m(x) = ———/ (s —x) " 9m(s)ds.

Let H(x) = — f:(s—x)_qm(s)ds. Then, using the fact m(x) < 0on [21,b) and (s—2x1)"9 < (s—x1—h) "¢
for h > 0, we get

z1+h
H(zy+h)— H(xy) > / (s —x1)"9m(s)ds.

T

Note that the function (b — x)Pm(z) is uniformly continuous on [a, b], since m(z) is C}, continuous on
[a,b). From this it follows that,

[(b—s)Pm(s) — (b —x1)Pm(z1)] < hep,

h
whenever |s — z1| < h. Since m(z1) = 0 and m(s) <0, we get m(s) > —ﬁ.
-5
This implies, that
with h2=9ep (b —xy — h) 7P
/ (s —x1)"Im(s)ds > — €n T 21 =h) .
T —q

Thus we get
H(z1+h) — H(z1) - h'=%,(b—x1 — h)™P
h 1—gq '

Now taking the limit as h — 0, we have
Di_m(z)|z=z, > 0.
O

Using the relation between the right Riemann—Liouville derivative and the right Caputo derivative of
order ¢, we get “D{_m(z)|y=s, < 0. This is precisely the next result.

Lemma 3.3. Let m in C,(J,R) be such that for some x1 € J, we have m(z1) = 0 and m(z) <0 for
x € (a,b). Then *DIm(z)|z=z, = 0 and *D*'m(z)|y=s, < 0.
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Proof. Using the relation between the left(right) Riemann—Liouville derivative and the left(right) Caputo
derivative as in (2.1), (2.2) and the Lemmas 3.1, 3.2, it easily follows that D, m(z)|,—,, > 0 and
°Di_m(x)|s=e, < 0. Since, °DI, m(z) is a continuous function, we get “DIm(z)|y—, = 0. Next we prove
that

¢D*Im(z)|p=s, <O.

If our claim is not true, then
D2 (2)|pme, = DU DVYM()|p=z, > 0.

This means that by the definition of the sequential derivative, we have D?¥m(z) = D?(°D9)m(z) > 0
onzy —h <z <xy+h, h>0. This means by the continuity of the function, that

d
. (‘DI m(z)) >0,

onxz; —h<x<ax+h, for small h > 0.
However, using the Lemma 3.1 and 3.2, we have cDZJ,m(:U) > 0 on the interval z; —h <z <21, h >0

d
and °D_m(z) <0onz; <z < x14+h, h > 0. Since “D%m(x;) = 0, we can get that Iz (°D . m(zx)) <0,
onzy —h <z <xy+h, h>0. This leads to a contradiction. This completes the proof. O

Next we prove an analogous result of an integer result namely, Corollary 2.1.1 of [4]. This result is the
linear Caputo fractional comparison result for linear boundary value problems. Thus, it is very useful in
our main result.

Lemma 3.4. Let q,7 € C[J,R] with r(z) > 0 on J. Suppose further that p € C?[J,R] and
—D*p(x) < q(@)|*Dp| — r(z)p,

with
aop(a) — fo°Dip(a) <0
a1p(b) + f1°Dp(b) < 0.

Then p(z) <0 on J = [a,b]. If the inequalities are reversed then p(x) > 0 on J, where J = [a,b].

Proof. Initially, we prove the result when all the inequalities in the hypotheses are strict. That is, we

assume
—¢D*p(x) — q(x)|*Dp| + r(x)p < 0

agp(a) — Bo¢Dip(a) <0 (3.2)
a1p(b) + B1°Dip(b) < 0.

Note that ag, a7 > 0 and Bg, 51 > 0. In this case, we will prove that p(x) < 0, on [a, b]. If the conclusion
is not true, then there exists an x1 € J such that p(x1) = 0. If 21 = a, then p(a + h) < 0. This implies

d
CT(P(I)) < 0, on [a,a + h). This means °D9p(a) < 0. From the boundary conditions at z; = a, we
x

get app(a) — Bo°DIp(a) > 0, a contradiction. Similarly, we can get a contradiction, if z; = b, using the
hypotheses a1p(b) + 81°Dp(b) < 0.
Now, if 21 € (a,b) then using Lemma 3.3, we have “Dip(z1) = 0, and *D?*Ip(x;) < 0. This implies that,

0 < =°D*Ip(z1) — q(z1)|*Dp(x1)| + r(z1)p(a1) < 0.
This leads to a contradiction. Next we consider the case when the inequalities are not strict. We have
—D*p(x) — q(x)|*Dp| + r(z)p < 0

agp(a) — Bo¢Dip(a) <0 (3.3)
a1p(b) + B1°Dip(b) <0,

with ag, a1 > 0 and Sy, f1 > 0. We construct a function m(z) such that

p(x) = m(x) = eEgr(k(z — a)?),
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for some appropriate k£ > 0. Here k£ will be chosen to make the above inequalities strict with the function
m(z) in place of p(x). Then (3.3) becomes,

—°D*m(x) — q(z)°Dim(x) + r(z)m(x) + eEy1(k(z — a)?)(k?* + q(x)k —r(x)) <0.

This implies,
—¢ D?1m(x) — q(2)°Dim(z) + r(z)m(z) < —eEy1(k(x — a)?)(k* + q(z)k — r(z)) < 0, (3.4)

when we choose k such that (k% + g(x)k — r(z)) > 0.
Note that the above results hold true if k£ > 0, is replaced by —k, for an appropriate & > 0. Basically, it is
enough to choose k such that (k? + |q(x)|k — r(z)) > 0.

Initially, we consider the case when ag, oy # 0. In this case, replacing k by —k, we get

ag(m(a) —€)) — Bo(°Dim(a) + ek) < 0.

This implies,
agm(a) — Bo°Dim(a) < e(ap — Bok) < 0, (3.5)

when we choose k such that & > %.
0
Similarly, at x = b, we get,

ar(m(b) —eEq1(k(b—a)?)) + B1(“DIm(b) + ekEq1(k(b—a)?)) <O0.
From this it follows that
arm(b) + f1°DIm(b) < eEq1(k(b—a)?) (a1 — kB1) <0, (3.6)

by choosing k such that k > ey
1

When ag = 0 and oy # 0, we choose k > 0 then the boundary conditions in (3.3) simplifies to
—Bo(°DIm(a) — €k) < 0.

From this we get
—BoDim(a) < —e(kfBp) < 0.

Similarly we can prove for
aym(b) + B1°Dim(b) < 0,

by choosing the appropriate k.
Using similar proof we can obtain strict inequalities for the function m(z) on the boundary when ag # 0,
and o1 = 0.

Now using the strict inequality result, we get m(z) < 0. This implies p(x) < —eEy1(k(z —a)?)) < 0.
Now taking the limit as € — 0, we get p(x) < 0. This completes our proof. O

Now we consider the Caputo fractional boundary value problem with mixed boundary conditions of
the form
—“D*u = f(x,u) + g(z,u)
apu(a) — fo°Diu(a) = by (3.7)
alu(b) + Bchqu(b) = by,
on J = [a,b], f,g € C[J x R,R], u € C?[J,R], ag, 1 > 0 and By, 31 > 0 provided agB1 + o150 # 0.
Definition 3.1. Let v € C?[J,R], w € C?[J,R] be the lower and upper solutions of the boundary value
problem, if
—D*y < f(z,v) + g(z,v)
agu(a) — Bo®Du(a) < by
Oq’U(b) + ﬂchqU(b S bl,
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on J, and
—<D%y > f(wi) + g(wi)
apgw(a) — Bo*D%w(a) > by
aqw(b) + B1°D%w(b) > by.
on J.

From now onwards, in (3.7) we are assuming f is increasing in u and g is decreasing in u for
x € J=]a,bl.

Next we provide the definition of coupled lower and upper solution of Type I of boundary value
problem.

Definition 3.2. Let vy and wy € C?[J,R] be the coupled lower and upper solution of the boundary value
problem, if
—<D%yg < f(x,v9) + g, wo)
agv(a) — Bo*Dv(a) < bo
arv(b) + HreDiu(b) < by,
and
—<D%wy > f(x,wo) + g(z,v0)
agw(a) — Bo*Diw(a) > by
Oélw(b) + 516qu(b) Z bl.

Next we present the Green’s function representation for a Caputo fractional boundary value problem
with mixed boundary conditions which is used to construct the solution of (3.7).
Consider the Caputo fractional boundary value problem with mixed nonhomogeneous boundary
condition which is given by
—D*y = f(xv u) + g(l’, u)
aotu(a) — o D¥u(a) = bo (3.8)
aqu(b) + f1°D%u(b) = by,

on J = [a,b], f,g € C[J x R,R], u € C?[J,R], ag, 1 > 0 and By, 1 > 0, provided apB; + a1/ # 0 and
bg, b1 are constants.
The unique solution of (3.8) in terms of Green’s function is given by

b
(@) = Cy(x — a) + Colb— )7 + / Gz, 5)F(s)ds, (3.9)

where Cy and Cs are constants and which can be found by the boundary conditions of (3.8) to be

bi(ao(b—a)? — Bo(L'(g+ 1)) —bo(I'(g +1)B1)
apar (b —a)?? + 261 (1'(q+1))? — (b—a)il' (g + 1)(aof1 + 1)

bo(a1(b—a)?—=T'(q+1)B1) + 0150l (g +1)
apay(b—a)® + 2881 (1'(q+1))% — (b—a)il'(q + 1) (b1 + a15o)’

where F(s) = f(s,u(s)) + g(s,u(s)), and G(z, s) is the Green’s function satisfying

Ch =

Cy =

—¢D*G(x,s) = d(x — s). (3.10)
The Green’s function satisfies the related homogeneous boundary conditions,

aoG(a,s) — o¢DiG(a,s) =0

a1G(a,s) + f1°DIG (b, s) = 0, (3.11)

where §(z — s) = °D?H(z — s), and é6(x — s) is a Dirac delta function, and H(x — s) is the Heavyside
unit step function.
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From (3.9) we have
¢D*y(x) = /b F(5)°D*G(x, s)ds
from (3.10) we get, ’
/b F(s)o(xz — s)ds = F(s),
where F(s) = f(s)+g(s) and Green’z function satisfies the related homogeneous boundary conditions,

QOG(av 5) - /BOCDqG(aa S) = Oa
a1G(b,s) + B1°D1G(b,s) = 0.

The Green’s function G(z, s) is given by,

(3.12)

JA@—a)?+ B, x<s
G(I’S){C(b—m)q+D,x>s,

where A, B, C, D are constants. By applying the Green’s function boundary condition (3.12) in the above
equation we get

Gl 5) = {A((z —a)i+ 20(q+1), v <s (313)

-2+ Erg+ 1), 2> s
The constants A and C can be found by continuity and the jump condition of G(z, s) is as follows:
At z = s, G(z, s) must be continuous, G(s~, s) = G(sT,s), and we have

Alls = ) + 221 (g + 1) = (b= 5)7 + 2T g + 1)), (3.14)
By the jump condition of G(z, s) we get

DIG|pms+ — ‘DIG|pms- =1,
we have

—CI'(g+1)—A'(¢g+1)=1. (3.15)
By solving the equations (3.14) and (3.15), we get

1 (s —a)! + 250 (q + 1) ]
T T+ D) |[(s—a)yi+ (b—s)1+ 2I(g+ 1) - B+ 1)’

and

R (b—s)— 2L(g+1)
L+ |[(s—a) i+ (b-s)1+ BD(g+ 1)~ 2T(g+1)

Hence, we obtain the Green’s function from (3.13) of the form

1 [«m a)?+£8 1(q4+1)) ((b—5)'— £- I'(g+1))

_ ) TlatD)H((s—a)a+(b—s) 7+ 52 I (g+1)— EL T (g+1))
Glos) =3 | (o 20 p(g+1))((b—2)"+ ‘31F<q+1))}
T(a+ D) Y ((s—a)a+(b—s5)1+ 22 M(g+1)— EL M (g+1))

Jx<s

x> S

Thus, (3.9) can be written as

w(z) = bi(ag(b—a)? — Bol'(q+1)) —bofrl(q+ 1) (2 — a)?
aoar (b —a)?? +2B0B1(I'(¢+1))? — (b —a)1I'(g + 1)(aof1 + 1)
bo(ar(b—a)? —Bil(¢+1)) +b1Bol'(¢+1)
)?

T o1 (b — )20 1 2B0B(I'(q + 1))2 — (b— a)1I'(q + 1)(cwoPr + o1 Po)

b
+/ F(s)G(x,s)ds

(b— ) (3.16)
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If b =0, bo =0, in (3.8) then the unique solution of the boundary value problem is given by

b
u(m):/ G(z,s)F(s)ds.

Remark: When ¢ = 1 in (3.16), we obtain the integer result as a special case. Hence, all our results
throughout this paper yields integer result as a special case.

From now on, let us consider the Caputo fractional boundary value problem with mixed boundary
condition in the following form
—°D%y, (z) = Fp (2, %, _1)
agun(a) — Bo¢Dluy,(a) = by
a1y (b) + B1°D%uy, (b) = by,

on J = [a,b], F,, € C[J x R,R] where F,, = f,, + gn.
Now we prove that the sequence {u, (z)} is equicontinuous which is useful in our main result.

Lemma 3.5. Let {u,(z)} be a family of continuous function on [a,b] for each n >0,

Dy (2) = (11 (2)
aoun(a) — Bo®Diun(a) = bo
it (b) + $1°D%un (b) = by,

where Fp,(z,un—1(x)) is uniformly bounded on [a,b]. Then {u,(x)} is equicontinuous on [a,b].
Proof. Let
b
vp(z) = Az —a)?+ B(b—x)? + / Gz, 8)F (s, vp—1(8), wp—1(s))ds,

and
b

wp(r) = A(z —a)?+ B(b—2)? + / G(z,8)F(s,vp-1(8), wn—1(s))ds.

a

Since F(s) is continuous on a closed bounded set and |v,—1(z)| < M; and |wy,—1(x)| < M are uniformly
bounded, we have F(s,v,—1(s), wn—1(s)) is uniformly bounded. Without loss of generality, we assume
that xo > 1,

Un(22) = vn(21) = A(x2 — a)? = (21 — @)?) + B((b — x2) — (b — 21)")
+ (@w2,5) — Glar, ))F (5, 0n 1 (5) w2 (5))ds.
We first need to prove that
(@2 — )7 — (21 — a)?| < K |22 — 21]%, (3.17)

for some fixed K7 and x1, x5 € [a,b].

Since xo > x1, x2 —a > x1 — a,

1 1

< )
T2 —Q r1 —a
1 < 1
(xg —a)? = (z1 —a)P’
_ .t (3.18)
(z2 —a)P (1 —a)P

By multiplying and dividing the expression (x3 — a)? — (1 — a)? by (z2 — a)P and (1 — a)P, we get

(z2 —a)?

(z1—a)?
(g —a)P

— (21 — a)q(xl —p

(z2 —a)? — (z1 — a)? = (z2 — a)?
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Since p + g = 1, the above expression is reduced to

_aq_x_aq:(@*a)_(zlfa)
(w2 —a)? = (21— a) (@ —a)  (m1—a)y’

By the equation (3.18), the above expression is reduced to

(w2—a) (v1—a) (w2—-a) (z1—a) (32—x1)
_ _ _ . (3.19)
(2 —a)p  (z1—a)?  (x2-a)? (z2—0a)’ (22—a)
1 1
Let a < x1, (2 —a) > (x2 — 1), <
T2 —Q To — X1
1 (3.20)
(w2 —a)P " (22 —a1)P .
Hence, equation (3.19) becomes
(x2 — x1) (v2 —21) q
(x2 — a)p < (.TQ — xl)p - (xQ xl) .
Therefore, |(z2 —a)? — (21 — a)?| < |z2 — 21]7 < %
Next, we need to prove that
|(b—l‘2)q—(b—$1)q| <K2|l‘2—$1 q, (321)
for some fixed K>. Since x5 > x1,
b <b L > ! L > !
2 o a) T (b—m) -z (b—z1)P’
1 1
— — .22
b = (b—z)P (3.22)
(b—xg)p (b—l‘l)p
iV — (b N = (h— )N T2
(b l’g) (b .7)1) (b x2) (b*.’ﬂg)p ( 3’31) (b* xl)p
b— xo _ b—xq
(b—l‘g)p (b—xl)P'
By equation (3.22) we get
b—l’g b—xl (b—l’g) (b—xl) o — X1
— —_— = . 42
b-w)  b-z)p = bz bz (b1 (3.23)

1 1

Let b> 21, b—z1> 23—, (b—z1)P (22 —71)P

. Hence (3.23) becomes

Xo — I Xo — I
(b — Z‘l)p (mg — l‘l)p

= (1’2 — l’l)q.

Thus, |(b—22)? — (b—21)| < |z —21|? < 5.
Now we need to prove that

b
/ (G(x2,8) — G(x1,8))F(8,vp_1(8), wp—1(s)ds| < K3zlzg — x1]9.

Let

c1((z2 —a)?— (1 —a)?), x < s

Glez, 5) = Gl s) = { ea((b—22)7 — (b—m1)7), 2 > s,
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where ¢; and ¢y are constants. From (3.17) and(3.21), we have

K(xo —x1)?, < s
G(22,8) = Gla1,5) = {Kga:; — xi%q T > s

where K = max {K;, Ks}. Now

b
(G(m% ) G(‘Tla ))F(Savn—l(s)vwn—l(S))dS

/ (G(w2,5) = Gl1, ) 1F (s, 0n-1(5), wa—1(5))lds,
< Max e Fn(s) (b — a) mawepqp |G(2,8) — G(21,5)| < K3|lwg — 1|7

Hence,

b
/ (G(z2,8) — G(x1,8))F (s, vp-1(8), wp—1(8))ds| < Kszlzg —21]7 < %

Therefore € > 0, for any § > 0, |v,(22) — vy (21)] < € (independent of n) and {v,(z)} is equicontinuous.
By a similar argument, we can prove {w,(x)} is equicontinuous.

O

In the next section, we state the theorem related to coupled lower and upper solutions and develop a
generalized monotone method.

4 Main Results

In this section, we develop the generalized monotone method with coupled lower and upper solutions
of the Caputo fractional boundary value problem with mixed boundary conditions. We also obtain the
existence and uniqueness of the solution of the boundary value problem. We use the Green’s function
representation to construct the solution for the Caputo fractional boundary value problem with mixed
boundary conditions.

Theorem 4.1. Assume that

(i) vo(z),wo(z) € C?[J,R] are the coupled lower and upper solutions of (3.7) with vo(z) < u(x) <
wo(z) on J.

(i) f,g € C[J x R, R] and f(x,u) is increasing in u and g(x,u) is decreasing in u on J.

Then there exists a sequence defined by

—CDQq’UnJ,-l - f(x’ Un) + g(x, wn)
agUnt1(a) — Bo*Divyi1(a) = bo
0[17}”+1(b) + ﬁlc-Dq@nJrl(b) = bl,

and
*CD2qwn+1 = f(xawn) + g(x,vn)
apWp1(a) — Bo®DIwpi1(a) = bo
a1Wp41(0) + B1°D%wy41(b) = by,

such that v, (x) — p(z) and w,(x) — r(z) uniformly and monotonically and such that (p,r) are
coupled minimal and mazimal solution respectively to the solution of (3.7). That is, (p,r) satisfies

—CD2qp—f( p) +g(z, )
agp(a) ﬁochp(a)
a1p(b) + B1°Dp(b) =
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and
—°D*r = f(z,7) + g(,p)
apr(a) — B¢ Dir(a) = by
aqr(b) + f1¢Dr(b) = by,

such that p < r.

Proof. Consider the Caputo fractional boundary value problem of order ¢, 0 < g < 1,

—D*u = f(z,u) + g(z,u),
agu(a) — Bp¢D%u(a) = by, (4.1)
aru(b) + f1°Dlu(b) = by,

on J = [a,b], f,g € C[J x R,R], u € C?[J,R]. The representation formula for (4.1) is given by
b
u(z) = Az —a)?+ B(b— )7 + / G(z, s)F(s)ds,

where F'(s) = f(s,u(s)) + g(s,u(s)) and G(z, s) is the Green’s function. Firstly, we prove the uniqueness
of the Caputo fractional boundary value problem (4.1). For this, let u;(x), uz(z) be two solutions of (4.1).
Then, we have
—¢D%y; = F(x)

agui(a) — Bo¢Dluq(a) = by

a1Uq (b) + Bchqul(b) = bl,
and

—¢D%yy = F(x)

aoug(a) — ﬁochUQ(a) = bo

Oéﬂﬁg(b) + ﬂchqUQ(b) = bl,
where F(z) = f(z) + g(x) € C[J x R,R].

Let p(z) = u1 — ug, then
_0D2qp _ _c‘DQqu1 4 CD2qUQ,
and
agp(a) — Bo°Dp(a) =0
a1p(b) + f1°Dp(b) =0,
which implies
CDqu <0.
By the lemma (3.4), we get p < 0, which implies that u; < us. By the similar argument, we can prove
us < ui. Hence, u; = us.
Now, we define the sequences {v,+1(2)} and {w,11(x)} by

_CDqun-i-l = f(x,vn) + g(l‘, wn)
agUnt1(a) — Bo*Divpq1(a) = bo (4.2)
a1Up4+1(b) + B1°D%vy11(b) = by,

and
_CDqun+1 = f(win) + 9(1?,%)
aown+1(a) — Bo®Dwni1(a) = bo (4.3)
Oél’u)n+1(b) + ﬁlc.DqU)nJrl(b) = bl.

The representation formula for v, 41(z) and wy,11(x) is given by

b
oni1(2) = Ale = @)+ Blb— )7+ [ Glrs)F(un (), wn(s))ds,

and

b
wpt1(z) = A(x —a)?+ B(b—xz)? + / G(z, s)F(vn(s), wn(s))ds,
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where G(z,s) is the Green’s function.
By the hypotheses, we have vg(z) < u(z) < wo(z). We show that vg(z) < v1(z) < u(z) < wy(x) <
wo(z). Since vg and wg are the coupled lower and upper solution of (4.1),

_CD2qUO < f(il’,’l)o) + g(m,wo)
agu(a) — BoDv(a) < by
Otl’U(b) + 510Dq’l)(b> < by,

and
—D%*wy > f(x,wo) + g(x,vo)
agw(a) — Bo*Dlw(a) > by
alw(b) + Bchqw(b) > by.

When n =0 in (4.2) we have

_Cquvl = f(xa UO) + g(ﬂ:, ’LU())
[e70X%1 (a) — ﬂOCDq’Ul(a) = bo
a1v1(b) + B1°D%vy (b) = by.

Let p(x) = vo — v1, then (4.1) is reduced to
_cD2qp — —CD2q1)0 4 cD2qu7
with
aop(a) — Bo°Dp(a) = 0
a1p(b) + f1°Dp(b) = 0,
which implies (f(x,vo) + g(z,wo)) — (f(x,v0) + g(z,wp)) < 0. By the lemma (3.4), we have
p(z) <0,

which implies that vg < vy. Similarly we can prove w; < wg. Next we prove vy < vs.
Let p(z) = v — ve, then (4.1) is reduced to

_cD2qp — _cDqul 4 CD2q’U2,

with
agp(a) — Bo°Dip(a) =0
a1p(b) + f1°Dp(b) = 0,

which implies that (f(x,vo) 4+ g(x,wp)) — (f(z,v1) + g(z,w1)) < 0. Since f(z) is increasing in u and g(zx)
is decreasing in u. By the lemma (3.4) we have

p(x) <0,

which implies that v; < vy. Similarly we can prove we < wj. Hence, vg < v; < vg and wy < w1 < wyp.
Next we prove that v; < u, if u is any solution such that vg < u < wy.

*CD2qU1 = f(I’,’Uo) + g(:c, wO)
[ 70X %1 (a) — ﬁOCDq’Ul (a) = bo
a1V (b) + 1D, (b) = by,
and
—D%y = f(xa u) + g(:z:,u)
agu(a) — BpcDlu(a) = by
aqu(b) + f1°Du(b) = by.

Let p(z) = v — u, we have

_cD2qp — —CD2qU1 + CD2qu,
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with
aop(a) — fo°Dp(a) =0
a1p(b) + B1¢Dp(b) = 0,

which implies that (f(z,v0) + g(z,wo)) — (f(x,u) + g(x,u)) < 0. Since f(z) is increasing in v and g(z) is
decreasing in u. By the lemma (3.4), we have p < 0, which implies that v; < u. Similarly we can prove
that © < w;. Hence, vg < v <u < wp < wg.
Next we need to prove that v, < u < w,, where u is any solution of (4.1) proved by induction. It is
certainly true that vg < u < wqy by existence theorem.
Let us assume that v, < u < wy, we will prove vg11 < u < wi4q for & > 1. From (4.2) and (4.3), we
get
—D?y g = f(x,vr) + g(x, W)
ozovk+1(a) — BOCquk_H(a) = bo
a1 Uk+1(b) + B1°DIvk41(b) = by,
and
—°D*wyyy = f(z,wg) + g(z,vp)
aowry1(a) — Bo®DIwky1(a) = bo
alwk+1(b) + ﬁchqwkH(b) = by.

Let us start with vg41 < u, and let p(xz) = vg4+1 — u. Then
_CDqu — _CDquk-&-l 4 cD2qu’

with
aop(a) — Bo°Dip(a) = 0
a1p(b) + B1¢Dip(b) = 0,

which implies that (f(z,vg) + g(z,wg)) — (f(z,u) + g(z,u)) < 0. Since f(x) is increasing in v and g(z) is
decreasing in u. By the lemma (3.4), we have p < 0, which implies that vg; < u. Similarly, we can prove
that © < wg41. Hence v, < u < wy,.

Therefore for n > 1,

vg <wp S < ... <v, Sufw, <. Swe < wp < wp.

Now we need to prove that the sequence converges uniformly. Using Arzela-Ascoli theorem, we will
prove that the sequences are uniformly bounded and equicontinuous.

First we will prove uniform boundedness. Since vg and wg are bounded on [a,b], there exists M > 0
such that for any = € [a,b], |vo(x)] < M, and |wo(x)| < M.
Since vo(x) < vy (x) < wo(x) for each n > 0, it follows that

0 < v (2) - vo() < wol) — vo(a),

since |wp(z) — vo(x)| are continuous and bounded and hence uniformly bounded.
Let
[on ()] = |vn(2) = vo(2) + vo(2)|
< Jon (@) = vo(2)] + |vo (@)
< M; + My, <M.

Hence {v,(z)} is uniformly bounded. Similarly, we can prove {w,(z)} is also uniformly bounded.

Next we need to prove that {v,(z)} and {w,(z)} are equicontinuous on [a, b]. By recalling the lemma
(3.5), we can prove that {v,(z)} and {w,(z)} are equicontinuous on [a, b]. Hence we proved that {v,(z)}
and {w,(x)} are uniformly bounded and equicontinuous. Therefore by the Arzeld-Ascoli theorem there
exist subsequences {vy, ()} and {w,, (z)} which converge uniformly to p(z) and r(z) respectively on J.
Since the sequences are monotone, the entire sequence converges uniformly. By the Lebesgue dominated
convergence theorem, we can prove that the sequences {v,(x)} and {w,(z)} converges to a coupled
minimal and maximal solution of (4.1). Since v, < u < wy, Vn, we get p(z) < u(z) < r(x) on [a, b], which
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implies that p, r are coupled minimal and maximal solutions of (4.1) respectively. This completes the proof.

Note that if further f and g satisfy the one-sided Lipschitz condition of the following form:
f(zyur) — f(z,uz) < L(uy — ug), whenever uy > ug, L >0, for x € [a,b]
and

g(z,u1) — g(z,u2) > M(u; — ug), whenever uy > ug, M > 0, for x € [a, b],

then we can prove r < p on [a,b] in the above result. This can be achieved by setting P(z) = r — p, and
using the linear comparison result for sequential Caputo fractional differential inequalities, with linear

boundary conditions.
O

5 Numerical Examples

In this section, we present the numerical examples for Caputo fractional boundary value problem with
mixed boundary conditions using the Green’s functions representation.

Example 1: Consider the Caputo fractional boundary value problem with boundary conditions,

—cD%y = 229,
w(0) = 0, “D%u(1) = 0. (5.1)
The Green’s function for (5.1) satisfies

—¢D?G(z, s) = 6(z — ),
G(0,s) =0, DIG(L,s) =0,

and the solution to the (5.1) is given by

u(m)z/o G(z,8)(—s*1)ds. (5.2)

If # # s, °D?1G(z, ) = 0, and G(x, s) is the Green’s function given by

G, ) = Ax?+ B, x < s,
T8 = Cl—z)?+ D,z >s,

where A, B,C, D are constants and = € (0, 1). Starting with the Green’s function boundary conditions,

we obtain
G(0,s)=0= B =0.

‘DIG(l,s)=0=>I(¢g+1)C=0=C=0.
Hence, the Green’s function G(z, s) is reduced to

Alz?), z < s
G(I’S)_{ (l;x>s

From the continuity we have that, at x = s, As? = D and from the jump condition we have

DIG(z,3)|p- — ‘DIG(x,8)|o+ = 1.

Solving the above two equations, we obtain A = T—sl-l) and D = ﬁil)'
Hence,
_=1 .q
x?, x < s
G(z,s) = Tlath?
m, x> s,
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Hence, the solution (5.2) becomes,

@ = [ (s +/1 (s

u(z) = —(—s S —(—s s.
o I'(g+1) « (g+1)

By integrating the above expression, we obtain

1
)= T {<2q+1

q 3q+1 2q+1
i i i ] . (5.3)

_|_ —
) Bg+1) (2¢+1)
Below, we will find the numerical result for fractional boundary value problem with simple boundary
conditions when 0 < ¢ <1 and for integer case.

0.5 T T

—4—q=05
0.45 - ——q=07
—=—q=09
q=10

0.4 == = |nteger case

03

5025

o q=1and Integer case |

0.15

0.1

0.05

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1. —°D?%%y = z?? when ¢ = 0.5,0.7,0.9,1.0

The dotted lines in the Figure 1 represents the numerical result for integer derivative. Hence, we
observe that when ¢ = 1, our numerical result for Caputo fractional boundary value problem yields integer
result as a special case.

Example 2: Consider the Caputo fractional boundary value problem with mixed boundary conditions
—CD24qy = 24
u(0) — ¢D9u(0) = 0, (5.4)
u(1l) +¢D%u(1) = 0.
The Green’s function for (5.4) satisfies
—¢D?G(z,8) = 6(z — s)
G(0,s) —“D1G(0,5) =0
G(1,s) +°DIG(1,s) = 0.

The solution of (5.4) is given by

u(z) = /0 Gz, 5)(—s")ds, (5.5)
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where G(z, s) is the Green’s function which is given by,

crxl+co, x<s

Gl,9) = {03(1 —z)?+ ey, x> 5,

where ¢y, 2, ¢3, ¢4 are constants and x € (0,1). By applying the Green’s function boundary conditions we
get

_ ar?+c(INg+1)), z <s,
Gla,s) = {63(1 —z)1+c3(l(g+ 1)), x> s.

From the continuity and the jump condition, we obtain G(z, s) as follows

__(A=s)"+l(g+l) 274l(qtl) . ¢
Glz,s) = s9+(1-s)7+2I(g+1) I'(g+1) 7
’ —_ ()" P(gtD) (A-2)T+l(gHD) oo o
SIF(1-s)i+2l(ql)  I(q+D) :
Hence, the solution (5.5) becomes
94 I(g+1 1—2)94T(g+1
=Jo { s‘?+(1) s)q—&(-q2f(¢)1+1):| [( }(q+1()q )} (=s?)ds
)I4+T(g+1 214 (g+1
+f |: 9‘1+(1 9)‘1+2(%(q-)i-1):| |: F(qsill) ):| (7Sq)d8’
which simplifies to
1—a)74+T(g+1 )I4+T(g+1)
u(z) = {( qul(q ) IS [SH o) qu(r%F(q+1)}Squ

a4+ N(gtl) | 1| _(1—=s)?"+I(g+1)
+ |: I'(g+1) fm {8‘1+(175)‘1+2F(q+1)] s4ds.

Below we find the numerical result for fractional boundary value problem with mixed boundary
conditions when 0 < ¢ < 1 and for the integer derivative.

q=1.0and Integer case

0.2 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2. —D?%%y = 2% when ¢ = 0.5,0.7,0.9,1.0

The dotted lines in the Figure 2 represents the integer derivative result. Hence we observe that when
g = 1, our numerical result for Caputo fractional boundary value problem with mixed boundary conditions
yields integer result as a special case.
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6 Conclusion

Generalized monotone method is a useful tool for any nonlinear dynamic systems when the forcing function
is the sum of an increasing and decreasing functions in the the nonlinear term. Further, generalized
monotone method is both a theoretical and a constructive method for computing the coupled minimal
and maximal solution of the nonlinear Problem. If further uniqueness condition is satisfied, then the
monotone sequences converge to the unique solution of the nonlinear problem. In this work, we have
developed generalized monotone iterative technique together with coupled lower and upper solutions for
the nonlinear Caputo fractional boundary value problem with mixed boundary conditions. Using the
Green’s function as a tool, a representation form for the solution of the nonhomogeneous linear Caputo
fractional boundary value problem has been developed. We have developed a linear comparison result
which has been beneficial in proving the monotonicity and also the uniqueness of the solution of the linear
Caputo fractional boundary value problem. Under uniqueness condition we could prove that the coupled
maximal and minimal boundary value problem converges to the unique solution of the nonlinear Caputo
fractional boundary value problem. Numerical results are presented for the linear sequential Caputo
boundary value problem with mixed boundary conditions. All our results yield the integer results as a
special cases. In future, we plan to develop a code to solve linear sequential Caputo fractional boundary
value problem for a general nonhomogeneous term. This will be a useful tool to solve the nonlinear
sequential Caputo fractional boundary value problem numerically with greater accuracy.
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