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Abstract We consider the elliptic equation
Au = f (u)
in a region 2 C RN, N > 3, where f is a positive continuous function satisfying

lim f(u) = oco.

u—0+
Motivated by the thin film equations, a solution u is said to be a point rupture solution if for some
p € 2, u(p) =0and u(p) >0 in 2\ {p}. Solving the associated ordinary differential equations
confirm our main results of sufficient conditions on f for the existence uniquness of radial point
rupture solution and its asymptotic behavior. Furthermore, we can prove that our results can be
applied to the point rupture solutions for a class of quasi-linear elliptic equations of the form

a’ (u)

div (a (u) Au) = 5

|Vul? + f (u)
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1 Introduction

Let £2 be a region in RY, N > 3 and f be a positive continuous function defined on (0, 00) such that it
can be written as a product of two positive, continuous functions f; and f5 such that f; is uniformly
bounded and f> is decreasing near zero having single zero at some positive tg and we require f to satisfy
the usual growth condition,

li = 1.1
Jim f (v) =00 (1.1)
We are interested in the elliptic equation

Au = f(u) in 2 (1.2)

This equation was studied by many authors and its rupture solution was derived in [13] when dealing
with the zero set of sobolev functions having negative power of integrability. The same equation was also
investigated for its rupture solution in [15] for the case f (u) = u~* — 1, for &« > 1, and in this case there
are many applications to the Van der Waals force driven thin films. The equation was also used in [14],
when f satisfies a special integrability condition, and in [11] when the space dimension is 3 and above.The
quasi-linear equation (1.4) which can be transformed to (1.2) was analyzed for rupture solutions in [6]
where they proved existence of solutions called explosive solutions.

In this we consider {2 to be a bounded smooth region in RY where N > 3 and we assume that f is
a positive, continuous function that can be written as a product of two positive, continuous functions
f1 and f5 such that f; is uniformly bounded and f5 is decreasing near zero having single zero at some
positive ty and we require f to satisfy the usual growth condition. Clearly, fo inherits all the properties
of f near zero, more precisely, it will be decreasing, positive, continuous and the same limit as f near
zero. Of course our main interest comes from the general N dimensional elliptic equation

up ==V - (u"Vu) = V- (u"VAu). (1.3)

The second term on the right which is the fourth-order term of the equation reflects surface tension
effects, and the second-order term may reflect van der Waals interactions, gravity, the geometry of the
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solid substrate or thermocapillary effects. This class of model equation is related to many physical systems
involving fluid interfaces.

When n = 1,m = 1, it describes a thin jet in a Hele-Shaw cell [1], [5], [8], [9]; when n = m = 3 it
describes fluid droplets hanging from a ceiling [10]; when n = 0 and m = 1, it describes solidification of a
hyper-cooled melt [3], [4]; and when n = 3, m = —1, it models van der Waals force driven thin film [7],
[12], [18], [19], [20], when the space dimension is one R. Laugesen and M. Pugh [16] studied rigorously, in
a general setting, positive periodic steady states and touchdown steady states solution. F. Bernis and A.
Friedman in [2] established the existence of weak solutions and showed that the support of the thin film
will expand with time. Equation (1.3) models the dynamic of thin films equation, using the pressure as
defined earlier with Neumann boundary condition % = 0 on 0f2. The assumptions of the wetting and
non-wetting of surfaces and steady states solutions lead to the semi-linear elliptic equation (1.2). The
main result guarantees the existence of a weak radial point rupture solution then this result obtained for
the equation (1.2) is exploited to prove the existence of weak point rupture solutions for the quasi-linear
elliptic equations of the form

a’ (u)

div (a (u) Vu) = 5

IVul® + f (u). (1.4)

where for some o* >0 a € C'[0,0*] and f € C (0,0*] are positive functions of a real variable. Therefore,
We are dealing with a semi-linear elliptic equation in R, and as in the preceding, in RY for now , let £2
be a smooth region in RV with N > 3 and f be a positive continuous function defined on (0, 00) satisfying
the growth condition (1.1). Moreover we assume the function f to be the product of two functions as
mentioned above. Here also, a solution to (1.2) is said to be an N dimensional point rupture solution if for
some p € 2 CRY u(p) =0 and u(x) >0 for any = € 2\ {p}. The main purpose is to find a sufficient
condition on the growth of f near the origin so that (1.2) has a radial point rupture solution in RY. The
main difficulty of the problem is the same as in the plane, two types of singularities involved. In radial
coordinates, Au = . + %ur , becomes singular when r = 0. Such singularity is artificial if u behaves
nicely and %ur becomes continuous at r = 0. However, for rupture solutions, u, itself could blow up at
r = 0. Singularity also arises when we assume (1.1) and the solution touches zero.

2 The Main Result

The following is the statement of the main theorem where we assert the existence of an N dimensional
point rupture and weak solution to the semi-linear elliptic equation with its appropriate bounds.

Theorem 1. Let t; > 0 be such that f is a continuous, positive function and can be written as f = f1fo
in (0,t1]. Assume that fa is continuous,positive and monotone decreasing, also fi is uniformly bounded,

that is, there exist positive constants A and B such that, A < fi < B. The function f is supposed to
satisfy the usual blow up condition near zero, that is, lim, .o+ f (v) = co. , then define:

vl
G(v):/o mds. (2.1)

Then there exists r* > 0 and a radial point rupture solution ug to (1.2) in B, (0) such that ug = ug (1)
is continuous on [0, 7],

up (0) =0, ug (r) > 0 for any r € (0,77],

and ug is a weak solution to (1.2) in B, (0). Moreover, ug is monotone increasing and satisfies the

following bounds
Ar? BN Ar?
1) < < — Gl
¢ <2N>UO(T)A(N—2)G <2N>
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3 Proof of the Main Result

Proof. In this part we assume that f = fi fo with f; uniformly bounded and f5 is decreasing near zero.
so we can fix t; >0 so that fo is decreasing in (0,¢1] , this is possible since fo is assumed to be
decreasing near zero, now for any « € (0,¢;] define ri(«) = inf{r > 0,u(r) =t1} and note that such
r1 exists because of the oscillation of u,. Since f >0 in (0,#1] and us(0) =, we have that w, is
increasing in (0,71] from « to ¢; since we have

r””%m0=4<ﬁWJ$LﬁWAQHN*%-

Therefore, since fo is decreasing in (0, r], using the uniform bound of the function fi, that is,
A < fl < B we get7

rNhy! (r ' 2 (U (S sV 1lds (U (T Tstl S.
()2 A [ falun(s)s™ s = Afaua(r) [ 541

Hence, since we defined G(t) = fg #(s)ds for ¢ <ty by noting that G is increasing in [0, to]
we conclude that

" ug(s) " As Ar? Ar?
/0 mds Z/O st, thus  G(uq(r)) > N +Gla) > N

Ar?
U (r) > G™1 (2;7) forany «a € (0,%1), and forall r € [0,rq].
O
Now we will prove that there exists a constant r* >0 such that r(a) > 7" for all small «,

. " t
Corollary 1. There exists an  r* >0 such that for any « € (O, 51]

We may define,

Proof.
/ -~ " N-1 -~ [" _1 AS% L N
u, (r) < Br fa(ua(s))s™ ~"ds < Br f2(G (W))S ds for r<mr
0 0
Thus integrating from 0 to r; we get,

t —a</r1 Brl_N/rf Gt A—Sz sN"Ldsdr
' —Jo 0’ 2N

interchanging integration we get

t —a<B/r1f Gt A—SQ sN_l/Tlrl_Ndrds
1 < ; 2 N :
B " As?
_a< -1 (2
t1 a*N—Q/O f2<G (2N>>sds

hence
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2
‘315\, we get

Using the change of variable 2z =

Ar2

BN = . BN (A2
h-as gy )| RO = R 56" (57)

So for O<oz<%1 we get,
ﬁ > @G AN -2}ty > @G Aty
2N — B2N - 68

Therefore  ri1(a) is uniformly bounded from below for any a > 0 small enough.

Take r*  to be r*:\/%G(%).

[

Now, observe that for any a < d <r <r* we have
G_l(Ar2)< (1)<t < DN g Arf) | (3.1)
oN /=Ml =M= YN g oN ) T '

Using standard elliptic theory and diagonal process we can construct a subsequence wu, that converges
locally and uniformly to the rupture solution wg that satisfies Aug = f(uo).

Proposition 1. There exists a sequence {ozk}zozl - (0, %] satisfying

lim oy =0,
k— o0

such that u, — ug uniformly in By« (0) as k — oo, for some function

uo € C° (m) nc? (m\ {0}) .

Moreover, ug is a classical solution to (1.2) in By~ (0)\ {0} and

Ar? BN Ar?
10477 o c PN A (AT
GGy swl) < v —5¢ <2N>

Proof. For any € > 0, uq, a € (0, %] is a family of uniformly bounded classical solutions to

Au = f(u) in B+ (0)\B: (0),

hence by a diagonal argument, there exists a sequence {ak}zozl - (O7 %} satisfying limg_, o ar = 0, such

that ua, — wug locally uniformly in B, (0)\ {0} as k — oo. Now (3.1) implies

Ar? BN Ar?
o) < <G =
G gy) swl) = 7y —5¢ (2]\7)

Since

BN Ar?
lim ———G ' (== | =
T <2N> 0

it is not difficult to see, from the bounds of u, and wug, that u,, — ue uniformly in B~ (0) as
k — oo. O

Remark 1. The above limit should be independent of the choice of the sequence {ay}y—,. Actually, we
expect that u, — ug uniformly on [0,7*] as a — 0. This is an open question.
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In order to show that ug is a weak solution. The following lemma will be very useful.

Lemma 1. Let vy be the rupture radial solution in R™ of,

Av=h(v)  then lim r" )(r) = 0.

r—0+

Proof. We have the followings,

-1
Avg = h(vg), since radial in R”, v} + r vy = h(vo)

"ol 4+ (n— 1)r"2uh(r) = v thive) or (P Mp) = r""th(vg) > 0

Hence, we see that "~ 'o{(r) is monotone increasing in (0,7*). Since r" v} > 0 in (0,7)

8= T]_i>r(r)1+ "Ll (r) > 0.

is well defined. Assuming that [ > 0, there exists 6 > 0 such that for r € (0, ] we have,

o 8

n—1,1/ >
" vg(r) 2 2—n * 2(2 —n)rn=2’

ST

thus we get vo(r) < vo(9)

which is a contradiction.

Now, in R™ the rupture solution for, Av = h(v) is a weak solution in 2 = B,.« (0).

Proposition 2. h(vg) € L' (2) and vy is a weak solution to, Av = h(v).

Proof. For any test function ¢ € C2° (£2), we have

/voAgodxz lim v Apdx
2 e=0" Jo\B.(0)

. Oy vy
lim / Avgpdr — / (v — - ) dsg
e—0T ( 'Q\BE (0) 0 BBE(O) 0 871 871
. Oy dvo
lim / h (v god:v—/ V) —dsz+/ p——-ds, | .
HO*( 2\B-(0) o) o5.0)  On 9B.(0)  On

Now for any e € (0,7*), since vg (€) < vo (r*) < t1, we have

Lo
9B:(0)

as € — 07. Here na(n) denotes the surface area of the unit sphere. On the other hand, the previous
lemma implies that

¢
éTndS”: < o (€) [Vl e () [0B= (0)]

< na(n)e" g (¢) Vel oo (5, 0)) = 0

n—1_7/

< na(m)e" ") (2) ¢l L= s.. o)) = 0
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as € — 07. Hence, we have for any ¢ € C (02),

/ voApdr = lim h (vo) pdz.
B+ (0) =207 J B, (0)\B-(0)

Choosing ¢ such that ¢ = 1 near the origin, the above limit implies that h (vg) is integrable near the
origin. Since h (vg) is a positive continuous function in B, (0)\ {0}, we conclude h (vg) € L (B, (0)).
So we have for any test function ¢ € C° (B, (0))

/ voApdr = lim h (vg) pdx = / h (vo) pdz,
B,=(0) e=0% J B, (0\B-(0) B+ (0)
i.e., vo is a weak solution in B, (0) C R™. O

4 Application to Quasi-Linear Equations

Our previous result can easily be applied in R™ to the point rupture solutions of the quasi-linear elliptic
equations of the form

a’ (u)
2

Now let us state the theorem for an n dimensional quasi-linear elliptic equation.

div (a (u) Au) = IVul® + f (u) (4.1)

Theorem 2. Assume that for some o* >0, a € C1[0,0*] f € C(0,0%] are positive functions. Let f1, fa
be continuous, fo is monotone decreasing f1 is uniformly bounded, such that

lim fo (v) =00, and f=fif

v—0+

Let
vl

Then there exists r* > 0 and a radial point rupture solution ug to (1.4) in By« (0) such that wug = ug (1)
is continuous on [0, r*],

uo (0) =0, ug (r) >0 for any r € (0,7"].

Moreover there exists a function g, and constants Ki,Ks such that wg is a weak solution
with the following estimates

o(6 (3)) =0 =0 (v mme ™ (7))

Proof. We consider the quasi-linear equation (1.4) in a region 2 C R™ where for some §* > 0, a € C* [0, 6*]
and f € C(0,d*] are positive functions of a real variable. A solution to (1.4) is said to be a point rupture
solution if for some p € 2, u (p) =0 and u (z) > 0 for any x € 2\ {p}.
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Let g be a solution to the Cauchy problem

1
g/ = » 9 (O) =0,

a(g)

and let v be a solution to the elliptic problem
Av = h(v) (4.3)
where
flg ()
a(g(v))

Define the auxiliary function u as u = g o v from RY to R which is well defined since v is a solution of
(4.3) and h is continuous, then

) fw)
Valg@o) Ve

u=g(v) thus h(v)

Therefore it is clear that,

Vu = ¢'(v)Vv
hence,
Vu= ! Vo,
a(g(v))
thus
Vu = ! Vv
a(u)

Therefore we have

On the other hand

1 -1 a’(u)
Vva(u) = =(alu "(w)Vu = Vu,
(1) = o) = (=
Now combining all of the above leads to
1 1 , 2
Av=+/a(u)Au+ = a' (u) |Vl
2\/a(u)

Hence (4.3) implies

that is,

1
a (u) Au+ Sa' (u) IVul? = f(u),
and now by adding to both sides the quantity,
1
5@ () [Vul*
then we end up with,

@ () A+ a (u)[Vul* = Sa' (u) [Vul® + f (w),
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which is equivalent to (1.4). Hence, (1.4) possesses a point rupture solution if and only if (4.3) has a
point rupture solution.
Now h can be written as a product of two function satisfying conditions of the previous theorem

flg) _ filg(v)

h(v) = =
) Valg(®))  /alg(v))

f2(g(v)) = ha(v)ha(v)

% is uniformly bounded, say K; < K5 since both f; and g are uniformly
bounded. The function hy defined by ha(v) = fo(g(v)) is decreasing since ¢’ > 0 . Therefore the
technical assumptions on f; and fo imply that the function h satisfies the conditions of theorem
5.1. Hence, there exists a weak radial rupture solution vy  which is equivalent to say that ug = g(vo)

is a radial rupture solution for the quasi-linear equation with the bounds,

o(6 (3)) =0 =0 (v mme ™ (7))

where, hi; =

Now we will prove that in R™ the rupture solution for the quasi-linear equation is a weak solution in
2 = B, (0).

Proposition 3. f(ug) € L' (2) and ug is a weak solution for the quasi-linear equation in 2 = B« (0)

Proof. Assume that ug is a rupture solution for the quasi-linear equation, that is ug satisfies,

a’ (u)
2

where a € C1, f € C° are positive functions and ug(0) = 0.

div (a (u) Vu) = IVul® + f (u)

We need to show that for any test function ¢ € C2° (£2), we have

] div (@ (w0) Vo) e = | (C“g%wm?w(uo)) o

1
/ (a (uo) Aug + ia’ (uo) |Vuo|* — f (u0)> pdr = 0 that is,
Q

| Vatw)

1 ’ 2 [ (o)
Vvea (ug)Aug + a’ (ug) |Vugl” — == | pdzx = us
(u0)Aug W) (uo) [Vug| a(uo)] wd 0 thus,

¥a’u uQ—M a(u x = ence
/Q [\/G(UO)AUO+2W (uo) |Vuo| m] Va(u)pdr = 0 hence,

/ [Avg — h (vo)] v a (g(vo))pdx = 0 therefore we need to show
2

[ Awalal)ode = [ hw) Valo))ods

Define ¢ = \/a(g(vg)) ¢ and then let us start computing,
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/ voApdxr = lim voApdxr = lim / wAvodx—/ (voaw _wavo> ds,
12, =0t JO\B.(0) =0t | Jo\B_(0) 9B.(0) on on

) o dvo
= lim / h(v dx—/ (v — — ) dsg
e—0+ [ Q\BE (0) ( O)w 9B, (0) 0 3n 311

Now let’s justify that the boundary terms are zeros, indeed for any ¢ € (0,7*) since vg (¢) < vg (1),
we have

v e
/ wa—odsI < Mna(n)e" ) () [l oo (B, 0)) = 0 as €0
0B:(0) T

Here M is a constant and we use the lemma. On the other hand the second boundary term can be
controlled as follows,

< [(M HVSDHLoo(BT*(o))) + (N el Lo (5, (o))) ”6(5)] na(n)e" !

S ™0
Vo —=—dSy
9B.(0) On

Where N = mangT* (O)%

Therefore we have that,

/ voa—wdsz — 0" as e > 0"
aB.(0) On

Hence, f(ug) € L* (£2) and ug is a weak solution for the quasi-linear equation in 2 = B, (0).
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