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Abstract We establish partial coupled fixed point and coupled fixed point results for mixed
monotone mappings satisfying a generalized contractive condition in ordered partial metric spaces
and ordered metric spaces. Our results generalize some interesting coupled fixed point theorems
obtained in [T. G. Bhaskar and V. Lakshmikantham, “Fixed point theorems in partially ordered
metric spaces and applications”, Nonlinear Anal., vol. 65, pp. 1379-1393, 2006].
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1 Notation

Section &

=, < order relations;

X non-empty set;

T, Y, 2, X1, Y1, T2, Y2 elements of X;

Ty T elements of sequence in X
p,p°,d functions on X x X;

Tp topology induced by p;

€ positive real number;
By(z,¢€) open ball on X;

T self-mapping on X;

F mapping on X x X to X.
Section 4

inf infimum;

r functional term;

m,n, ng indices;

S, Po, Pn, Po,1, Pr.n, ete symbolic assignments for constructive procedure;
(z*,y"), (u*,v*) coupled fixed points;

lim sup superior limit operator.
Section 5

C order relation;

D function on X2 x X2

0 technical function;

H self-mapping on X2.

2 Introduction

In the last years, fixed points of mappings in partially ordered metric spaces have been investigated
by many researchers [1,2,3,5,6,8,9,10,12,13,14,16,17,21,23,24,26,27]. The first result in this direction was
given by Ran and Reurings [20, Theorem 2.1] who presented its applications to linear and nonlinear metric
spaces. Subsequently, Nieto and Rodriguez-Lépez [16] extended the result of Ran and Reurings [20] for
non-decreasing mappings and applied it to obtain a unique solution for a first order ordinary differential
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equation with periodic boundary conditions. Similar applications based on a version of Theorems 2.1-2.5
[16] for a mixed monotone mapping F : X x X — X were given by Bhaskar and Lakshmikantham [4].
In [4], the authors introduced the notion of a coupled fixed point and proved some coupled fixed point
theorems for mappings satisfying a mixed monotone property. They discussed the problem of uniqueness
of coupled fixed point and applied their theorems to problems of existence and uniqueness of solution for
a periodic boundary value problem.

In recent years, in the setting of domain theory, attempts were made in order to equip semantics
domain with a notion of distance. In particular, Matthews [11] introduced the notion of a partial metric
space as a part of the study of denotational semantics of data for networks, showing that the contraction
mapping principle of Banach can be generalized to the partial metric context for applications in program
verification. Moreover, the existence of several connections between partial metrics and topological aspects
of domain theory has been lately pointed by some authors as O’Neill [15] and others. Subsequently, several
authors [7,18,19,22,25] have proved fixed point theorems in partial metric spaces.

In this paper, we generalize the results of Bhaskar and Lakshmikantham [4] by considering generalized
contractive conditions for mixed monotone mappings, in the framework of ordered partial metric spaces
and ordered metric spaces, and prove results concerning partial coupled fixed point and coupled fixed
point. We give also an example to illustrate our results.

3 Preliminaries

Let (X, <) be a partially ordered set and T : X — X be a mapping. The mapping T is said to be
non-decreasing if for all z,y € X, © < y implies T'(z) < T(y). Similarly, T is said to be non-increasing, if
for all z,y € X, < y implies T'(x) = T(y).

Now, we recall the notions of mixed monotone mapping and coupled fixed point introduced by Bhaskar
and Lakshmikantham [4].

Definition 1. Let (X, <) be a partially ordered set and F : X x X — X. The mapping F is said to have
the mized monotone property if F' is monotone non-decreasing in its first arqgument and is monotone
non-increasing in its second argument, that is, for all x1,x9 € X, x1 < xo implies F(x1,y) 2 F(x2,y),
for any y € X and for all y1,y2 € X, y1 =X y2 implies F(x,y1) = F(x,y2), for any x € X.

Definition 2. An element (x,y) € X x X is called a coupled fized point of the mapping F': X x X — X
if F(z,y) =2 and F(y,z) = y.

Now, we recall some definitions and some properties of a partial metric space [7,11,15,18,22,25]. A
partial metric on a nonempty set X is a function p: X x X — [0, 4+00) such that for all z,y,z € X:

(p1) z=y & plz,r) =p(,y) = ply,y)
(p2) p(z,z) < p(z,y),
(p3) p(z,y) =p(y, ),
(p4) p(z,y) < p(=,2) +p(2,y) — p(z,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.
It is clear that, if p(z,y) = 0, then from (p;) and (ps) it follows that x = y. But if 2 = y, p(z, y) may not
be 0. A basic example of a partial metric space is the pair ([0, +00),p), where p(z,y) = max{z,y} for all
x,y € [0,+00). Other examples of partial metric spaces which are interesting from a computational point
of view can be found in [11].

Each partial metric p on X generates a Ty topology 7, on X which has as a base the family of open
p-balls {B,(z,¢) : « € X,e > 0}, where

By(z,e) ={y € X : p(x,y) < p(x,z)+ ¢},

for all x € X and € > 0.
If p is a partial metric on X, then the function p® : X x X — [0, 400) given by

p*(x,y) = 2p(z,y) — p(z, ) — p(y,y)
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is a metric on X. Let (X, p) be a partial metric space. Then:
A sequence {z,} in a partial metric space (X, p) converges to a point z € X if and only if p(z,z) =

nllg—&r-loop(x’ an)

A sequence {z,} in a partial metric space (X, p) is called a Cauchy sequence if there exists (and is
finite) nm}LgnJroop(xn, Tm)-

A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X converges,
with respect to 7,, to a point € X such that p(z,2) = lm p(a,, Tm).

n,m—-+4o00
A sequence {x,} in a partial metric space (X,p) is called 0-Cauchy if
lim  p(z,,zm,) = 0. We say that (X, p) is 0-complete if every 0-Cauchy sequence in X converges, with

n,m—+00
respect to 7,, to a point # € X such that p(z,z) = 0.

On the other hand, the partial metric space (Q N [0, 400),p), where Q denotes the set of rational
numbers and the partial metric p is given by p(z,y) = max{x,y}, provides an example of a 0-complete
partial metric space which is not complete.

It is easy to see that, every closed subset of a complete (0-complete) partial metric space is complete
(0-complete).

Lemma 3 ([11,18]). Let (X,p) be a partial metric space.

(a) {x,} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in the metric space (X, p*®).
(b) A partial metric space (X,p) is complete if and only if the metric space (X, p*) is complete. Further-
more, hT p*(zpn, ) =0 if and only if
n—-+0oo

p(x,x) = ngrfoo p(xn, ) = nmll_gnﬂop(xn, Tpm).

Definition 4. Let (X,p) be a partial metric space and F : X x X — X be a function. An element (x,y)
is called a partial coupled fixed point of F' if

p(z, F(z,y)) +p(y, F(y,2)) = p(z,2) + p(y, ).
Note that, if (X,p) is a metric space then (z,y) is a usual coupled fized point of F'.

Example 5. Let X = [0,1], p(z,y) = |z — y| if x,y € [0,1) and p(l,y) = 1 for all y € X, and
F: X x X — X be defined by
it x>y,

F(x,y):{o if z<uy.
The mapping F' has the following partial coupled fixed points:
(0,0), (0,1), (1,0), (1,1).
Note that only (0,0) is a coupled fixed point for F.

Definition 6. Let X be a nonempty set. Then (X, p, <) is called an ordered partial metric space if (X, <)

is a partially ordered set, and (X, p) is a partial metric space. If p = d is a metric, then (X, d, <) is an
ordered metric space.

4 Main Results

The first main result in this paper is the following partial coupled result which generalizes Theorem 2.2
in [4].

Theorem 7. Let (X,p, %) be a complete ordered partial metric space and F': X x X — X be a mized
monotone mapping. Assume that there exists r € [0,1) such that

p(Fla,y), Flu,0)) < 5 max {rlp(, w) + ply, o)), p(e,2) + (3, 9),p(w,w) +p0,0) ) (1)

for all x,y,u,v € X with u > x and y = v. If the following conditions hold:
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(i) if a non-decreasing sequence {x,} is such that x,, — x, then x, < x for alln € N,
(ii) if a non-increasing sequence {y,} is such thaty, — vy, then y, =y for alln € N,
(iii) there exist g,y € X such that xog = F(xo,y0) and yo = F(yo,xo).

Then, F has a partial coupled fized point (x*,y*). Moreover, if p(x*,z*) = p(y*,y*) = 0, then (z*,y*) is
a coupled fixed point for F.
Proof. Let zp,yo € X such that zo = F(zo,%0) and yo = F(yo,20). Define z1,y1 € X such that

x1 = F(xzo,y0) and y1 = F(yo, o). Similarly 2o = F(z1,y1) and y2 = F(y1,21). We construct two
sequences {z,} and {y,} such that,

Tpi1 = F(Tn,Yn),  Ynt1 = F(Yn,zn) forall n >0.
Let us prove that
Tp X Zpy1 and  y, = ypy1 forall n >0. (2)

Since
o 2 F(xo,y0) =21 and  yo = F(yo0,%0) = Y1,

then (2) holds for n = 0. Suppose that (2) holds for some n > 1. Since F' has the mixed monotone
property, then
Tn+1 = F<xnayn) = F($n+layn)

and
F(yn+1;xn) = F(ynaxn) = Yn+1-

Also for the same reason we have

Tn+2 = F($n+1,yn+1) t F(xn+17yn)

and
F(yn+la$n) t F(yn+17mn+1) = Yn+2-
Observe that from the previous inequalities we can derive x,41 < X2 and Yp+1 = Yny2. By the

principle of mathematical induction it follows that (2) holds for all n > 0.
Now, from (1) with z = v and y = v we deduce

1
p(F(2,y), F(z,9)) < Slp(z,2) +p(y,y)] forall z,yeX. (3)
Since (3) holds for all z,y € X, then
1
p(F(y,2), F(y,2)) < Slp(z,2) +p(y,y)] forall z,yeX (4)
and hence by (3) and (4), we get
p(F(z,y), F(z,y)) + p(F(y, 2), F(y,z)) < p(z,z) +ply,y) forall z,yeX. (5)

By taking = 2,41 and y = y,41 in (5), we obtain

P(Tni1, Tog1) + PWUntt, Ynt1) = P (0, Yn), F(2n, Yn)) + P(FYns T0), F(Yn, Tn))
< p(@n, Tn) + P(Yns Yn),

for all n > 0. Thus {p(zn,n) + P(Yn,Yn) }n>0 is & non-increasing sequence. Put

Pn = p($n7 mn) +p(yn7yn) and Pmm = p(l’n’l’m) +p(ynvym) for all n,me Na

S:= lim P,=inf P,
neN

n—-+oo
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and
1
I'=FPy+ T P
Let us prove that
P, <2I' for given m,n € N. (6)
At first
p(wo, 2y) < p(wo, 21) + p(F(x0,40), F(Tn_1,Yn-1))
1
< p(xo, 1) + 3 max{r Py -1, FPo, Pn_1}
Similarly
P(Y0,Yn) < P(Wo,y1) + p(F (Yo, z0), F(Yn—1,Tn-1))
1
S p(yo»yl) + 5 maX{TPO,nflv POv P’nfl}v
and so
Pon < Po1+max{rPyn_1,FPo, Pn_1}
< Py1 +max{rPyn_1,FPo, P2}
< Py,1 + max{rPyn—1,7Po1 + Po,rPo1 + P2}
Since,

Pon—1 < Py1+ max{rFy,—2,Po, P2},

from the previous inequality, we get

PO,n < PO,I + TPO,I + maX{TQPO,n—Q; P(), Pn—2}~

By continuing this process, we obtain
Pon <(L47 441" P+ Py
r
TPO’I + PO =1T.

<

Consequently
Pon < Pom+FPon <20 forallm,n eN,

and (6) holds.
Given any € > 0, from the definition of S and 0 < r < 1, there exists ng € N such that P,,,2Ir™ < S+e.

Therefore, for all m,n > 2ng

P(@m, ) = p(F(Tm—1,Ym—1)s F(Tn—1,Yn-1))
% max{rPp_1n-1,Pm—1,Pn_1}.
Similarly

DYy Yn) < %max{er_lyn_l,Pm_l,Pn_l}.

Then, we get

Pm,n < maX{er—l,n—la P, Pn—l} (7)
< maX{TPm—Ln—ly Pm—2; Pn—2}~
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As
Pr—1n—1 <max{rP,_2n—2, Pn_2,Py_2},
by (7), we deduce that
P <max{r?Pp,_2n-2, Pn_2, Ph_2}.
By continuing this process, we get

Pmn<max{r m no,n— T‘L())Pm ’ng,P’n ’I’L()}

< S+e
Then, S = lim P, ,. From
m,n—4oco
m’%grfroo[p (l‘m,xn) +p (ymvyn)] = m,rlzlin+oo[2pm’" - Py, — Pn]

=25-5-5=0,

we deduce that {x,} and {y,} are two Cauchy sequences in (X, p®) and hence in (X, p). Since (X, p) is
complete, then there exist *,y* € X such that z, — «* and y,, — y*, that is,

p(e®,27) = lm p(a” ) = lLm p(ze,om),
and
ply"y") = lm p(y",ya) = Um p(yn,ym)-
Also from (i) and (i¢), we have x,, < 2* and y,, > y*. Hence
p(x" F(a",y")) < p(a®, zn) + p(an, F(z",y7)) — p(n, n).
By taking the limit as n — +oo in the above inequality, we get
pla*, Fla*,y")) < liminf p(a, F(2",y")
Similarly
ply™, F(y",2%)) < lim inf p(y,, F(y", 27))
On the other hand, from (1), we have

lim sup p(xy,, F(z*,y"))

n—-+oo

= limsup p(F (Tn—1,Yn-1), F(z",y"))

n——+oo

IN

: 1 * * * * * *
lim sup 5 max {rip(@n-1,2") + p(Yn—1,y")], Pa—1,p(z*, 2*) + p(y*, y")}

n——+oo
= Slbla*, o) + (0" y")]
Similarly
[p(z,2") +p(y*, y*)]-

N | =

lim sup p(yn, F(y*,z*)) <

n—+00
Then, we have
p(x" F(z®,y%) + ply", F(y*, 2%)) < p(z*, 2%) + p(y™, y"),
and since
p(a*, ") +ply*,y") < p(a®, F(z", ")) + p(y", F(y", ")),
we obtain
p(a™, F(a™,y") + p(y", F(y", =%)) = p(a”, 2") + p(y", y").
Hence (z*,y*) is a partial coupled fixed point of F. If p(z*, *) p(y*,y*) =0, then p(a*, F(z*,y*)) =
( *

p(y*, F(y*,2*)) = 0 and thus 2* = F(z*,y*) and y* = F(y* *), that is, (z*,y*) is a coupled fixed point
for F. O
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From Theorem 7, we deduce the following theorem.

Theorem 8. Let (X,p, =) be a complete ordered partial metric space and F : X x X — X be a mized
monotone mapping. Assume that there exists r € [0,1) such that

p(F(.y), () < £ max {rlp(e,u) + p(y, ), LoD IPOD PO 200 g

for all x,y,u,v € X with u > x and y = v. If the following conditions hold:

(i) if a non-decreasing sequence {x,} is such that x,, — x, then x, < x for alln € N,
(ii) if a non-increasing sequence {y,} is such that y, — vy, then y, =y for alln € N,
(iii) there exist xo,yo € X such that xo < F(xo,y0) and yo = F(yo,xo),

then F' has a partial coupled fized point (x*,y*). Moreover, if p(z*,z*) = p(y*,y*) = 0, then (x*,y*) is a
coupled fized point for F.

Proof. Since

p(z,z) + p(y,y) + p(u,u) + p(v,v)
2

< max {p(z, 2) + p(y. ). pl,w) + p(v. )},

by (8), we have

p(Fla,y), Flu,v)) < 5 max {rlp(a, u) +ply,v)],p(e,2) + (3, ), plu,w) + plo, )}

for all z,y,u,v € X with v > = and y > v. Thus the hypotheses of Theorem 7 are satisfied and therefore
F has a partial coupled fixed point (z*,y*), which is a coupled fixed point if p(z*,z*) = p(y*,y*) = 0. O

Corollary 9 (Theorem 2.2 of [4]). Let (X, d, <) be a complete ordered metric space and F : X x X — X

be a mized monotone mapping. Assume that there exists r € [0,1) such that

A(F(e,9). F(u,0)) < Sld(@.u) + d(y.v) ©)

N =

for all x,y,u,v € X with u > x and y > v. If the following conditions hold:

(i) if a non-decreasing sequence {x,} is such that x,, — x, then x, < x for alln € N;
(ii) if a non-increasing sequence {y,} is such that y, — vy, then y, =y for alln € N;
(iii) there exist xo,yo € X such that xg <X F(xo,y0) and yo = F(yo,xo);

Then F' has a coupled fixed point.
Example 10. Let X =[0,2], d(x,y) = | — yl|, p(z,y) = max{z,y} and F : X x X — X be defined by

ZVif x>y
= 2 -
Fla,y) {0 if @<y

Then F' is mixed monotone and satisfies condition (1) but does not satisfy condition (9). Indeed, assume
there exists r € [0,1), such that (9) holds. This means

T—Yy u—v

| 2 2

| < Slo—ul + Sly - vl
—|lx—u|+ =y —wv
=3 9V Vb
for all x,y,u,v € X with u > x > y > v, by which, for z = u, we get
T A T
2?/ U_2y v,

which for y > v would imply 1 < r, a contradiction.
Now we prove that (1) holds. Consider the following cases:

Copyright © 2016 Isaac Scientific Publishing JAAM



190 Journal of Advances in Applied Mathematics, Vol. 1, No. 3, July 2016

1) u>z>y>v,
(2) u>z,y>vwithz <yand u>wv,
3) u>x,y>vwithz <yand u<w.

Case 1. Under this assumption, we get that

p(F(x,y), F(u,v)) :p(x—y U—v

)

2 7 2
:u—v <u+v
2 = 2

= S lp(os ) + p(o )]

and hence (1) holds.
Case 2. In this case

[p(u, w) + p(v, v)],

and hence (1) holds.
Case 3. In this case p(F(x,y), F'(u,v)) = 0 and hence (1) holds.

By Theorem 7, we obtain that F' has a partial coupled fixed point (0,0) that is a coupled fixed point.
Theorem 2.2 of [4] cannot be applied to F' in this example.

Theorem 11. Let (X, p, <) be a complete ordered partial metric space and F: X x X — X be a mized
monotone mapping. Assume that there exists r € [0,1) such that

p(Fl.y), F(,0)) < 3 max {rlp(a, w) + ply,v)] oo 7) + ply,). ) + plo,0) ) (10)

for all x,y,u,v € X with u > x and y > v. If the following conditions hold:

(i) F is continuous with respect to 7,
(ii) there exist xo,yo € X such that xo <X F(x0,y0) and yo = F(yo,xo),

then F has a coupled fixed point.

Proof. Proceeding exactly as in Theorem 7, we have that {z,} and {y,} are Cauchy sequences in the
complete partial metric space (X, p). Then there exist z*,y* € X such that z,, — 2* and y,, — y*. Since
F' is continuous, then we have

2= lim z,= lim F(xn_1,Yn—1) = F(z*,y").

n—s4oo n=+o0
Similarly

Yt =F(y" ).
That is, (z*,y*) is a coupled fixed point of F. O

Similarly, one can obtain the following theorem.

Theorem 12. Let (X,p, =) be a complete ordered partial metric space and F : X x X — X be a mized
monotone mapping. Assume that there exists r € [0,1) such that

p(z,z) + p(y,y) + p(u,u) + p(v,v) }

p(Fla,y), Pl v)) < 5 mas {rlp(a, u) + ply,v)], .

forall x,y,u,v € X with u > x and y = v. If the following conditions hold:

(i) F is continuous with respect to 7,
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(ii) there exist xg,yo € X such that xog = F(xo,y0) and yo = F(yo,xo)-

Then, F has a coupled fixed point. Moreover, if (z*,y*) and (u*,v*) are two coupled fized points for F,
then z* = u* and y* = v* if and only if ©* is comparable with v* and y* is comparable with v*.

Proof. Proceeding exactly as in Theorem 8, we deduce that the hypotheses of Theorem 11 are satisfied
and therefore F' has a coupled fixed point (z*,y*).

Now, we assume that (z*,y*) and (u*,v*) are two coupled fixed points of F' and that «* is comparable
with «* and y* is comparable with v*. If «* = 2* and y* = v*, using (8), we deduce that

p(z*, 2*) + p(y*, y*) + p(u*,u*) + p(v*,v*)
0 .

IN

p(a”,u’) = p(F(z", y"), F(u",v"))
Similarly, we deduce that

. . . p(z*, =) + p(y*,y*) + p(u*,u*) + p(v*,v*)
p(y*,v*) = p(F(y*, "), F(v*,u*)) < 1

By summing up the two inequalities above, we get

p(x*, x*) + py*,y*) + p(u*, u*) + p(v*,v*)
2 )

p(z”,u”) +py",v") <
that is, p®(x*, u*) + p*(y*,v*) = 0 and hence 2* = v* and y* = v*. The same conclusion holds if u* > z*

and v* > y*, * > u* and y* = v* or ¥ > u* and v* = y*. O

5 Coupled Fixed Point under Suzuki-Type Condition

Remark 13. Let (X,d) be a metric space. Define D : X? x X? — [0,+00) by
D((x,y), (u,v)) = d(x,u) + d(y,v), ~ for all (z,y), (u,v) € X*.

It is simple to check that D is a metric on X2 and that (X2, D) is a complete metric space if (X, d) is
complete.

Remark 14. If (X, =) is a partially ordered set and if a relation C is defined on X? by:
(,y) C (u,v) &z 3u y=u,
then (X2,C) is also partially ordered.
The next theorem is one of the main results in [19].

Theorem 15 (Paesano and Vetro [19]). Let (X, =) be a partially ordered set and suppose that there
exists a metric d on X such that the metric space (X, d) is complete. Let T : X — X be an increasing
mapping with respect to <. Define a non-increasing function 6 from [0,1) onto (1/2,1] by

1 if0<r<(V5-1)/2,
O(r) =< (1—r)r=24f (V5—-1)/2<r <272
(1+7)"" af 272 <r <1,
Assume that there exists € [0,1) such that
O(r)d(x,Tx) < d(x,y) implies d(Tz,Ty) <rd(x,y), (11)
for all comparable x,y € X. If the following conditions hold:

(i) there exists xo € X such that xo = Tz,
(ii) for an increasing sequence {x,} C X converging to x € X we have x,, < x for all n,

Copyright © 2016 Isaac Scientific Publishing JAAM



192 Journal of Advances in Applied Mathematics, Vol. 1, No. 3, July 2016

(iii) for two nondecreasing sequence {x,},{yn} C X such that x, X yn, ©, = = and y, — y we have
T2y,

then T has a fized point in X. Moreover, the fixzed point of T is unique if:
(iv) for all x,y € X that are not comparable there exists v € X comparable with x and y.

Theorem 16. Let (X, =) be a partially ordered set and suppose that there exists a metric d on X such
that the metric space (X,d) is complete. Let F : X x X — X be a mized monotone mapping. Define
0:[0,1) — (1/2,1] as in Theorem 15 and assume that there exists r € [0,1) such that

0(r)ld(z, F(z,y)) + d(y, F(y, z))] < d(z,u) + d(y, v)
implies
d(F(z,y), F(u,v)) + d(F(y,z), F(v,v))) < r[d(z,u) + d(y, v)]
for all x,y,u,v € X, with x = u, y =X v. If the following conditions hold:

(a) if a non-decreasing sequence {x,} converges to x, then x, =< x, for all n >0,

(b) if a non-increasing sequence {yn} converges to y, then y = yyn, for all n >0,

(c) for two monotone sequences {x,},{yn} C X such that x,, < yn, Tn — = and y, — y we have x <y,
(d) there exist xo,yo € X such that xg <X F(x0,90) and yo = F(yo,xo),

then F has a coupled fized point in X. Moreover, the coupled fixed point of F' is unique if:

(e) for all (x,y), (u,v) € X? that are not comparable with respect to C, there erists (z,w) € X? C-
comparable with (x,y) and (u,v), where C is as in Remark 1.

Proof. In the complete ordered metric space (X, D,C), where D is the metric on X? defined in Remark
13 and C is the relation defined in Remark 14, at first, define H(,-) : X2 — X? by

H(z,y) = (F(z,y), F(y,z)) forall (z,y) € X2
If for some (x,y), (u,v) € X2, we have 0(r)D((z,y), H(z,y)) < D((z,y), (u,v)), by Remark 13, then
0(r)d(z, F(x,y)) + d(y, F(y, )] < [d(x, u) + d(y, v)].
This implies
d(F(z,y), F(u,v)) + d(F(y, z), F(v,u))) < rld(z,u) + d(y, v)],
and hence, by Remark 13, we get
D(H(z,y), H(u,v)) < rD((x,y), (u,v)),

that is, H satisfies condition (11) of Theorem 15. Clearly, by condition (d), there exists (zg,y0) € X2
such that (z9,%0) C H(z0,0). If (5, y,) is a non-decreasing sequence in X2 with respect to C such
that (2,,y,) — (z,y), that is, such that x,, = x and y,, — y. Then {z,} is a non-decreasing sequence
with respect to < and {y,} a non-increasing sequence with respect to <. Now, by (a) and (b), we have
Zn = 2 and y < y,, and hence (z,,,y,) C (z,y). Thus (i) of Theorem 15 holds. Similarly, by (¢), (iii) of
Theorem 15 holds.

Let (z,y) C (u,v) then z = v and v < y. Since F' has the mixed monotone property, then F(z,y) <
F(u,y) and F(u,y) = F(u,v) and so F(z,y) < F(u,v). Again, F(v,u) < F(v,z) and F(v,z) < F(y,z)
and hence F(v,u) < F(y, ). This implies that H(z,y) C H(u,v). i.e., H is a non-decreasing mapping
with respect to C. Now, the hypotheses of Theorem 15 (that hold also if T' is non-decreasing) are satisfied
and hence H has a fixed point in X2, say (z*,y*). Then

(Fy"), Fy*,2")) = H(z",y") = (=", y")
ie.,
F(z*,y*) =2 and F(y*,z")=y".
Now, if condition (e) holds, then the coupled fixed point of F' is unique. O
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6 Conclusions

Fixed point theory in partially ordered metric spaces is largely investigated due to its applications in pure
and applied mathematics. Here, we established some results of existence and uniqueness of coupled fixed
point, by using generalized contractive conditions in ordered partial metric spaces and ordered metric
spaces. This kind of result is helpful to extend and complement existing theorems in the literature. An
example illustrates the new theory.
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