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Abstract. To assess the geomagnetic hazard to power systems, it is necessary to model the
Geomagnetically Induced Currents (GIC) produced during space weather storms. This requires
knowledge of the geoelectric fields that drive GIC. In the time domain, the geoelectric fields can be
calculated using a convolution integral including the geomagnetic field or its time derivative and an
impulse response function for the Earth. In principle, the integral extends to infinity but for practical
calculations the impulse responses must be truncated at a finite length. In this paper, we investigate
the effects of the truncation on the calculation of the geoelectric fields. We consider how long the
impulse responses need to be to obtain sufficiently accurate geoelectric field values. It is found that
the high-pass impulse response used with geomagnetic data can be truncated very early, e.g. at 1 h,
while the low-pass impulse response used with geomagnetic time derivative data must be extended
much longer, e.g. until 24 h.
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1 Introduction

Geomagnetic disturbances can cause a variety of problems for power systems including damage to
transformers [1, 2, 3, 4], misoperation of protective relays [5] and voltage stability problems [6].
Assessment of the geomagnetic hazard requires knowledge of the Geomagnetically Induced Currents
(GIC) produced in a power network [7]. Modelling GIC involves two steps: i) use of geomagnetic field
measurements with a model of the Earth’s conductivity to calculate the geoelectric field at the Earth's
surface, and ii) use of the geoelectric field values with a model of the power network to calculate the
GIC [8].

Calculation of the geoelectric field can be performed either in the frequency domain or in the time
domain. The frequency-domain method involves the Fourier transform of the geomagnetic field
variations measured in the time domain to obtain the geomagnetic field spectrum, which is multiplied
by the frequency-dependent transfer function of the Earth to get the geoelectric field spectrum. Finally,
taking the inverse Fourier transform of the geoelectric spectrum gives the geoelectric field in the time
domain. In the time-domain method, the geoelectric field is calculated from a convolution between the
geomagnetic field variation and an impulse response function, which is related to the transfer function of
the Earth. This paper is focussed on the time-domain calculation of the geoelectric field.

In the convolution used to calculate the geoelectric field, we can use either the geomagnetic field or its
time derivative. In the frequency domain, the transfer function between the geoelectric and geomagnetic
fields has the characteristics of a high-pass filter. Therefore, the impulse response included in the time-
domain convolution with the geomagnetic field is called the “high-pass impulse response”. On the other
hand, the frequency-domain transfer function between the geoelectric field and the geomagnetic time
derivative has the characteristics of a low-pass filter, and so the impulse response included in the time-
domain convolution with the time derivative of the geomagnetic field is called the “low-pass impulse
response”. Based on the differential theorem of convolution, the high-pass impulse response is the time
derivative of the low-pass impulse response.
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Theoretically the convolutions are integrals extending from minus infinity to plus infinity. However,
the geoelectric field at a given time is only affected by geomagnetic variations before this time, which is
equivalent to saying that the impulse responses are causal functions. This implies that we only integrate
from zero to plus infinity in the convolutions, in which the variable of integration equals the time lag
between the geoelectric and geomagnetic field. In practice, however, the integration is carried out only
over a finite interval. In other words, the high-pass and low-pass impulse responses are truncated. In
this paper, we investigate the effect of this truncation on the geoelectric field results.

In Section 2, we summarise the convolution integrals enabling the calculation of the geoelectric field
from geomagnetic data. Section 3 is devoted to the mathematical theory associated with the truncation
of the convolution integrals. The impulse responses for the special case of an Earth model with uniform
conductivity are summarised in Section 4. For each frequency component of the geomagnetic field
variation and a uniform-Earth model, the geoelectric field values obtained using truncated impulse
responses have analytic expressions in terms of the Fresnel Integrals. This is investigated in Section 5.
Calculations based on an artificial test geomagnetic variation waveform are considered in Section 6.
Conclusions are given in Section 7.

2 Calculation of the Geoelectric Field

Let us model the Earth as a half-space with a flat surface. We assume that the geoelectric and

geomagnetic fields are spatially uniform in the horizontal direction (“plane wave assumption”) and that
they have a time () dependence expressed by e’ = e where fis the frequency and @ =2zf is the

angular frequency. Following the choice recommended in [9] for geoscience applications, we mostly use
the frequency, instead of the angular frequency, in this paper. Thus, regarding the quantities as
functions of f, the final solutions are obtained by summing over all frequencies involved. At the Earth’s
surface, a horizontal geoelectric field component E(f) can be expressed in terms of the perpendicular

horizontal geomagnetic field component B(f) as follows

E(f) = K(f)B() 1)
where the transfer function K(f) depends on frequency and the conductivity structure of the Earth.
The geoelectric field E(f) can also be written in the form FE(f) = Z(f)H(f) in terms of the surface
impedance Z(f) and the magnetic field strength H(f). The relation between B(f)and H(f)is given
by B(f)=uH(f) where p = 47 -107 H/m is the vacuum permeability. Thus, comparing with

equation (1) shows that K(f) = 24) . However, geomagnetic measurements produce values of B (not H),
7

so for practical calculations, we uge formula (1). In equation (1), the directions of the FE(f) and B(f)
form a right-handed system together with the downward vertical direction. In geoelectromagnetics (as in
this paper), the Earth’s permeability is generally assumed to equal g, and due to the low frequencies
involved, the displacement currents can be neglected, and so the permittivity of the Earth does not play
any role.

Equation (1) directly suggests how the geoelectric field E(f) in the time domain can be calculated
from time-domain geomagnetic variations B(f), i.e.

1) Fourier transform B(t) to obtain B(f)

2) Multiply B(f) by K(f) to obtain E(f)

3) Inverse Fourier transform E(f) to obtain FE(t)

This is the so-called “frequency-domain method” [10, 11].

Utilising the convolution theorem, which states that multiplication in the frequency domain

corresponds to convolution in the time domain, equation (1) leads to the time-domain relation between
E(t) and B(t) as follows

E@t) = T R(7)B(t — 7)dr (2)

where the impulse response R( 7 ) is the inverse Fourier transform of the transfer function K(f), i.e.

Copyright © 2017 Isaac Scientific Publishing GR



74 Geosciences Research, Vol. 2, No. 2, May 2017

R(e) = | K(f)e™ " af 3)

The absolute value of the transfer function |K (f)| increases with increasing f, which means that
K(f) has the characteristics of a high-pass filter. Therefore R(7r) is called the “high-pass impulse

response”.
Denoting the time derivative of B(t) by g¢(t), the Fourier transform g¢(f) is simply obtained by

multiplying B(f) by 2pf . Consequently, equation (1) can be written as

E(f) = C(f)g(f) (4)
where
K(f)
C(f)=—= 5
(=e? 9
In magnetotellurics, C(f) defined as EE}{)) is called the “magnetotelluric relation”. It should be
g

noted that C(f) is equal to the “complex skin depth” denoted by p(f) and used for other purposes
(see e.g. [12]).

Similarly to formula (2), equation (4) leads to a time-domain convolution relation between E(t) and
g(t) as follows

B(t) = [ S()glt - 7)dz (6)
where the impulse response S(t) is the inverse Fourier transform of the magnetotelluric relation C(f), i.e.
S(z) = [ C(p)e™df (7)

The absolute value of the magnetotelluric relation |C( f)| decreases with increasing f, which means

that C(f) has the characteristics of a low-pass filter. Therefore S(z) is called the “low-pass impulse

response”.
Substituting g(t —7) = dciit—_rg) =- dB(;T_ ) into equation (6), performing a partial integration and
comparing the result with equation (2), we see that
rir) = 20 0
dr

where we also make the natural assumption that S(7)B(t—7)=0 whenz = - and 7 =40, i.e. either
S(z) or B(t—17) (or both) vanishes for 7 =-00 and for 7 =+w. Equation (8) is actually a result
from the differential theorem of convolution.

For physical reasons, it is clear that the geoelectric field at a given time ¢ can only be affected by the
geomagnetic field values earlier than t. This requirement is satisfied since the impulse responses R(7)
and S(r) included in formulas (2) and (6) are causal functions, i.e. zero for negative values of the

argument 7, which is the time lag between geoelectric and geomagnetic variation data. Consequently,
the integration limits can be set from 0 to +oo in equations (2) and (6), instead of integrating from
-0 to +00.

3 Mathematical Formulation of the Truncation of the Impulse Responses

In practical calculations of the geoelectric field E(t) from geomagnetic variations B(t), the integrals

appearing in equations (2) and (6) can only be taken over a finite interval. In other words, the impulse
response functions are truncated, instead of letting them be non-zero until infinity. In this paper, we
investigate the effect of the truncation on the calculated geoelectric field values. (Another practical thing
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in numerical calculations is that equations (2) and (6) must be approximated by sums but investigating
this does not belong to the scope of this paper.)

Equations (2) and (6) give the exact geoelectric field denoted by E (t) . As mentioned in Section 2,
due to causality, the integrals need not be extended from —oo to 4o, but the integration limits can be
set from 0 to +4oo. This is, however, an irrelevant matter in the investigation of the effect of the
truncation. Thus, in this section, we keep the integrals from —oo to 400, which also makes the study
more general and applicable to any functions, not only to those associated with geoelectric and
geomagnetic fields.

Let us consider the geoelectric fields obtained from formulas (2) and (6) when R(r) and S(r) are
replaced with the impulse responses R, (r) and S, (r) truncated at z=t , i.e. R (r) and
S, m(7)are zero when 7 >t and equal toR(r)and S(r), respectively, when 7z <t . Expressing this
mathematically gives

R,,.(7)=R(@)(1-0( - 1)) (9)

(6= S(E) -0 1) (10

Where O(r —t,) is the Heaviside step function being zero when 7 <# and +1 when 7> . (Note
that alternatively the function 1-@(z—t#) could also be expressed as O(t —z).) Substituting
R (r) and S, (z) from formulas (9) and (10) for R(zr) and S(r) in equations (2) and (6) results
in E (t) and E

trunc _ B

(t) given by

trunc g

©

E,. =R (0)B(t-z)r

= [ S(e)g(t - 7)dr (12)

=B, ()~ [S()g(t - r)dz

(t). In order that the high-

pass (equation (2)) and low-pass (equation (6)) calculations lead to the same geoelectric field values, the
impulse responses must satisfy equation (8). This suggests that we should look at the derivative of
S, (z). Using the derivative rule of a product, the fact that the derivative of the Heaviside step

function ©(r —t) equals the Dirac delta function &(r —¢) and equations (8), (9) and (10), we obtain
dStmnw (T) _ dS(T)

It is interesting to consider the relation between FE, ~  (t) and E

trunc __ g

(1-0(r-t))-S(r)d(r —t,)

dr dr
=R(r)1-0(r —t)) - S(r)o(r - t,) (13)
=R _ (r)-8(r)o(r —t))
ds, (r)

Formula (13) shows that R (7)# because S(t)) not zero. Thus E,_ ~ (t) and

dr
Et'r'uru,-i_(/ (t) are not Cqual,
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Let us define another truncated high-pass impulse response
as
R .(7)= %(T) =R, (t)=5(r)d(r —1,). Substituting R .(r) for R(r) in equation (2) and using
, . trunc
formula (11) result in £, ,  (¢) given by
E/,r* B(t) !rum B _I. S (t - T)dT
= Et'run(rf B<t) - S(tﬂ )B(t - t(]) (14)

©

= E,,,(t)~ [ R(r)B(t - 7)dz - S(t,)B(t ~ )

0 0
t

0

Considering the term ~S(t)B(t —t,) in greater detail, equation (14) shows that it results from the
delta function term included in the definition of R .(¢), i.e. from the difference between R, () and
R (t), and gives the difference between FE, .  (f) and E Assuming that S(7)B(t—7)=0

when 7 =40 | ie. either S(r) or B(t—7) (or both) vanishes for 7 =+, which is a very natural

trunc B(t) :

assumption (see the remarks after equation (8)), we can express the term —S(t)B(t —t,) as follows

5(1,)Blt ) = [H(S(0)Ble ~e))ie

dS(T
dr

dB(t —7)

B(t —7)dr +TS(T)

f’U

R(r)B(t-t dT—JS Yg(t —7)dr

)

|
e

where the derivative rule of a product, equation (8) and the fact that g(¢f) is the time derivative of
B(t) are used. Substituting formula (15) into equation (14) yields

E TS (t—1)d (16)

tr* B mact
1

Comparing equations (12) and (16) shows that £, (f) and E , ,(¢) are equal. This is expected
due to the differential theorem of convolution and the definition of R .(r). Formulas (14) and (15)

show that the delta function term included in R, .(r) is due to the neglected integrals from ¢ to

infinity when the truncated impulse responses are used in equations (11) and (12).

4 Impulse Responses for a Uniform Earth

If the Earth is modelled as a half-space with uniform conductivity o the transfer function K(f) is

2z f

K(f) = (17)
#o
(see e.g. [13], p. 21). Thus, based on equation (5), the magnetotelluric relation C(f) is
1 eil%
) = (18)

\/i2ﬂfﬂ[) \/27r,uoa \/7

Substitution of formula (18) into equation (7) gives the low-pass impulse response S(¢) for a uniform

Earth. However, it should be noted that the integral in equation (7) contains both positive and negative
values of the frequency f. Therefore, we have to carefully define how the square root of f appearing in
formula (18) is taken when f < 0. This definition is dictated by the requirement that S(t) must be a

real function, which implies that, for all values of f,
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C(f)=C*(=/) (19)
where the asterisk (*) denotes the complex conjugate. Utilising equation (19), it follows from formula
(18) that, for negative values of f, the square root of f, must lie on the negative imaginary axis, i.e.

\/? = —iyJ—f when f< 0 (cf. [13], p. 22). Consequently, equations (7) and (18) yield

T
67?1 |:00 612ﬂf2‘ 0 /27rfr ]

S(zr) =
) \/Qﬂuoa '([ \/7 J. —z\/7
’f% » 6[27zf1 —12ﬂfr
\/27r,uUO' '[l). \/_ \/— 2
_ 4 [ cos( 27rf1' df . T sin(27rfr)df]
J?ﬂ,u[) '[ 0 \/?
Using the formulas
cos au T
I Zla] (21)
ISln au = sign(a) ﬁ (22)

where sign(a) equals +1 and -1 for posmve and negative values of « , respectively, we can

immediately see that, for 7 <0, the cos and sin integrals cancel each other in equation (20) making
S(z) zero when 7 < 0, which is in accordance with the causality of the impulse response. For 7 > 0,

. . o 11 o - .
the cos and sin integrals give the same contribution equal to 5\/: . Substituting this into equation (20),
T

we can write S(z) for all values of 7 as

S() = ———0(1) (23)

\ 77,07
where ©(z) is the Heaviside step function being zero when 7 < 0 and +1 when 7 > 0.

The high-pass impulse response R(z) for a uniform Earth can be found, following equation (8), by
differentiating the low-pass impulse response S(7) given by equation (23). Thus, using the derivative
rule of a product and the fact that the derivative of the Heaviside step function O(z) is the Dirac delta
function &(z), we obtain

dS(z) _i( 1 1 ( 1 dO(r )+dr’1/2
dr dr \/”ﬂuaz' \/ﬁﬂu T dr dr

1 T_@(T))z o(r)  Sk)

=——=(4(7)
\ 7, 0T 2r A ,72'/1[)0‘[ 2t

Using a value of 0.001 S/m for the Earth’s conductivity, the high-pass and low-pass impulse responses
R(r) and S(r) given by equations (24) and (23), respectively, are shown by the red lines in Figures la

R(r) = O(7))

(24)

and 1b. We see that R(7) goes to zero much faster than S(zr) with increasing 7, which represents the
time lag between geoelectric and geomagnetic data. Mathematically this is clear because R(zr) has a
7% dependence on 7 whereas S(r) follows 7/”. The faster decrease of R(r) indicates that, in the
convolution calculations, R(r) can be truncated much earlier than S(zr). This will be investigated
more in the next sections of this paper. The black lines in Figures la and 1b represent impulse responses
truncated at # =18 min and {, = 2 h 24 min, respectively. These values of { are chosen arbitrarily

just for the plots in question.
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Figure 1. (a) High-pass impulse response for a uniform Earth given by equation (24) (red curve). The black curve
shows the high-pass impulse response truncated at ¢, = 18 min. (b) Low-pass impulse response for a uniform Earth
given by equation (23) (red curve). The black curve shows the low-pass impulse response truncated at ¢, = 2 h 24
min. In both plots, the Earth’s conductivity is o = 0.001 S/m.

5 Calculation of the Geoelectric Field Due to a Sinusoidal Geomagnetic
Variation

For a sinusoidal geomagnetic field variation B(t) of the form

B(t) = B, sin(wt + @) (25)
where B), @ and ¢ are the amplitude, the angular frequency and the phase angle, the time derivative
g(t) is
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oft) = 220
dt
In this section, we calculate the geoelectric field by convolving B(t) or ¢(t) with the appropriate
impulse response. For an Earth modelled with a uniform conductivity o, the high-pass and low-pass
impulse responses are given by equations (24) and (23), respectively. These can then be substituted into
equations (9) and (10) that give the truncated impulse responses, and the geoelectric field E,,,. 5(t) or
E () is given by equation (11) or (12) as follows

- B, []l S(r)sin(w(t —7) + ¢)dr

= 0B, cos(wt + @) (26)

E t)=
o e Ir 27)
1% sin(o(t - 7) + )
- | =
]
0B, teos(@(t=1)+¢) (28)

B g(t) B V71N I'J‘ \/;
0

We first consider equation (28), which is simpler. Applying the trigonometric formula
cos(k — f3) = cos(k) cos(f3) + sin(x) sin(B) , equation (28) can be written as

COS

E g(t) = \/ai [cos ot + ¢ J. \/, dz' + sin(wt + ¢ J. \/7 ] (29)
”’LI(J

For t, = 00, equation (29), with the application of formulas (21) and (22), the trigonometric formula

sin(x + B) = sin(x) cos(f) + cos(x)sin(f) and the fact that sin (%J = cos [%j = % , results in the
2

following exact expressions of the geoelectric field

E_(t)=D, @ [cos(at + @) + sin(wt + @)] = B, o sin(a)t +¢+ EJ (30)
2u,0 \ 40 4

This equation demonstrates the well-known 45-degree phase shift between the geoelectric and
geomagnetic fields for a uniform Earth. If the phase angle of the geomagnetic variation ¢ is set to zero

in equation (25), formula (30) gives the same result as presented in [14] (where a minus sign is included
due to a difference in the coordinates).

To calculate the geoelectric field using an impulse response that is truncated, i.e. t, <o, let us change
2

. Then

the variable of integration from 7 to s in the two integrals in formula (29) by defining 7 = 5
®

the integrals appearing in equation (29) are

COS [OT \]7 J' [ } (31)

QaJ/

jaintor), \F o ( Jd )

The integrals on the right-hand 51des of equations ( 31 d (32) have the form of the Fresnel Cosine
and Sine Integrals defined as
¢ 2
F (&)= Icos (E}s (33)
0 2
¢ 2
s
F,(&)=|sin s 34
16)=] [ 5 ]d (34)

20t
where ¢ is any real or complex number. Denoting ,/—= by 7, equation (29) can thus be written as
Vs
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E,. (=5 %[Fc(n) cos(@t + )+ F,(n)sin(ot + 4)] (35)

Describing the sinusoidal geomagnetic variation given by equation (25) in terms of the frequency

f =2£ and noting that the period T equals the inverse of f, the variable 7 can be expressed as

t
n=2ft = 2\/; ,and E, . ,(t) gets the form

E,. ,(t)=2B, TZU [F( (17) cos [% + ¢J + F,(n)sin (% + ¢j] (36)

If the argument & in the definition of the Fresnel Integrals (equations (33) and (34)) has the value

+o , both integrals equal +%. Thus, noting that 7 = when ¢, =0 and substituting +% for Fo(n)

and Fy(7) in equation (36), we see that, for t, =c, E, . ,(t) reduces to E,,,.(t) given by equation (30),

as expected.

Next we consider equation (27), which gives E,,,. 5(f). Due to the delta function, the first integral is
easy to calculate, even though it results in an infinite value. A partial integration can be applied to the
second integral in equation (27). Consequently

B, |sin(wt+¢) " sin(w(t - ¢)
E = 37
trunc _ B (t) ﬂ;uoo' \/6 + é \/’ .l‘ ( )

As pointed out, the first term on the right-hand side of equation (37) is infinite. However, the lower
limit in the second substitution term gives the same infinity but with an opposite sign, so these infinities
cancel each other. Thus

sin(e(t —1,) + ¢) @B, “COS (t—7)+¢)

tmn(‘ B \/7 \/7 \/70_ . \/;

The second term on the right-hand side of formula (38) equals E,,,. ,(f) (see equation (28)). Using the
trigonometric formula sin(x — f) = sin(k) cos(f) — cos(x)sin(f) , equation (38) then yields

dr (38)

B cos (ot ) sin(ewt )

E (t) = == —= L cos(wt + @) |+ E (t) (39)
trunc _ B trunc g

We again use the frequency fand the period T to describe the sinusoidal geomagnetic variation, and

sin(wt + @) —

t
define the variable 7 =2,/ft =2 ?0 as above. Thus, utilising equation (36), equation (39) gives

E - (t)=2B ,T,uo [G cos(zT +¢)+G. sm(ZT + ¢)} (40)

where the coefficients G, and Gy are defined as

G, =Gc(77) =Fc(77)_ﬂ_insm[ﬂ;72] (41)
G, =G,(n) = E,(n) ﬁ(ﬂ” (12

For # =o, 1 =00, which makes the second terms on the right-hand side of formulas (41) and (42)

1 1
vanish. Thus, since the Fresnel Integrals equal +§ for an infinite argument, G, = Gy =+§ when

t, = . Consequently, for ¢ =oo, the high-pass and low-pass calculations lead to the same geoelectric

field values, which also equal E,,,(t) given by equation (30), as expected. Comparing equation (40) with
equation (36) and looking at formulas (41) and (42), we see that the second terms in the definition of G,
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and Gy represent a kind of “conversion terms” if geoelectric field values obtained by convolving

aB(t
g(t) :ﬁ and the truncated low-pass impulse response are converted to geoelectric field values

obtained by convolving B(t) and the truncated high-pass impulse response.

1 T T T T T T T T
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t
Figure 2. Fresnel Integrals F, (red) and Fy (green) defined by equations (33) and (34) with & =17 = 2\/% [Jand

included in equation (36) and coefficients G, (blue) and Gy (brown) defined by equations (41) and (42) with

’t t
n=2 % and included in equation (40) as functions of ?0 where ¢, is the impulse response length and T is the

period of the assumed sinusoidal variation of the geomagnetic field. Figure (b) is a zoomed-in view of the curves in

t
Figure (a) at values of % less than about 2.
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t
Formula (36) shows that the closer F, and Fg (having the implicit argumentzn = 24’?0) are to the
1 N . . dB(t)
value 5 the more accurate are the geoelectric field values obtained by using g¢(t) = and the

truncated low-pass impulse response. Similarly, formula (40) shows that the closer G and Ggare to the
value % the more accurate are the geoelectric field values obtained by using B(f) and the truncated
high-pass impulse response. Fig. 2 presents the coefficients F. (red), Fg (green), G, (blue) and Gj

t
(brown) as functions of ?" Fig. 2b is a zoomed-in view of the curves shown in Fig. 2a at small values

t 1 t
of ?“ We can see that all the quantities investigated approach 5 when ?0 increases. This is an

expected result since longer impulse responses should lead to more accurate geoelectric field values and,

t
as mentioned above, exact geoelectric field values are obtained when ?0 goes to infinity making F, Fl,

1
Gq and Gy equal to 3 Although the general tendency is that the longer the impulse responses the

1
closer the coefficients F, Fy, G, and Gy to 5 and thus the better the accuracy of the geoelectric field

calculations, the oscillatory character of F., Fy, G.and Gy indicates that a small increase of the impulse
response length does not necessarily lead to a higher accuracy of the geoelectric field values. Calculation

1 1
involving a range of frequencies will have some F,, Fy, G, and Ggvalues above 5 and some below 5

1
likely to average out to 5

We now consider the maxima and minima of F, Fg, G, and Gy seen in Fig. 2. It follows from the

dr,(n) and s (n)

definitions of the Fresnel Integrals (equations (33) and (34)) that the derivatives y y
n n

2 2
are cos[ﬂg ] and sin[ﬁg J, respectively. The maxima and minima of any function occur at points

where the derivative is zero, so the locations of the maxima and minima of the Fresnel Integrals are
found by solving the equations
)
(:03(7”27 J =0 (43)

()
sm( 5 ]—0 (44)

= 5—1— nz (n=integer), i.e. 7 =+2n+1, and from equation

2

n

Equation (43) leads to the solution

2 t
(44) we obtain %:nﬂ (n=integer), i.e. 7 =+2n . Consequently, F,(n) with 7 :2\/; gets its
maxima and minima when

%0 = %-ﬁ-i (n=integer) (45)
t
and F,(n) with 7= 2\/; gets its maxima and minima when
h_n (n=integer) (46)
T 2
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It can be demonstrated that when F,(57) reaches a maximum or minimum, F,(n)is close to (but not

1
, and similarly, when F,(7) reaches a maximum or minimum, F,(7)is close to (but not

exactly) —
y) 5
1

exactly) —. This behaviour is related to the facts that cos gets its maxima and minima when sin is zero,

and vice versa, and that the Fresnel Integrals involve integrating cos and sin. The observation that the

values are not exactly % is due to the fact that the integration variable s is squared in equations (33)

and (34).

daG, (1) da, (1)
and

Using formulas (41) and (42), a simple calculation shows that the derivatives y y
n n

2 2
are ;sin T\ and —Lcos ! , respectively. This means that G (7) gets its maxima and
n’ 2 n’ 2

2 2
minima when sin (%J =0 and G4 n) gets its maxima and minima when cos (%J =0. Referring to

the investigation of F, and F,, we then see that G, has the maxima and minima at the same points as
those of Fg, i.e. when equation (46) is satisfied, and the maxima and minima of Gy occur at the same
points as those of F, i.e. when equation (45) is satisfied.

At the maxima and minima of G, the second term on the right-hand side of formula (41) is zero
making G equal to F.. As mentioned above, the maxima and minima of G, occur at the same points as

1 1
those of F,, where F is close to 5 Consequently, G is close to 5 at its maxima and minima, which

t
means that G, is always close to % (except for the very small values of ?", see Fig. 2). Similarly, at

the maxima and minima of Gy, the second term on the right-hand side of formula (42) is zero making G
equal to F Since the maxima and minima of Gy occur at the same points as those of F,, where Fy is

1 ) 1 . . . . .
close to 5 Gy is close to 5 at its maxima and minima, which means that Gy is always close to

1 t
5 (except for the very small values of ?0, see Fig. 2).
In conclusion, what is most important to note from the above investigation of F, Fg G, and Gy is
1 t
that G and Gy approach B much faster than F, and Fg when ?" increases. This means that, using

B(t) and the high-pass impulse response, a much shorter impulse response can be applied, compared to

dB(t)
dt

using and the low-pass impulse response, to obtain the same accuracy of the geoelectric field.

This will be investigated more in Section 6 by using a test geomagnetic variation waveform.

6 Calculations Using a Test Geomagnetic Variation Waveform

We now study the effect of the truncation of the impulse responses on the calculated geoelectric field
values by using an artificial, but realistic, test geomagnetic variation waveform consisting of six
sinusoidal waves and expressed by

6
B(t)=Y B sin(2zft+4,) (47)

k=1
where the time ¢, in principle, extends from —oo to -+ The amplitudes B,, the frequencies f, and the
phase angles ¢, are given in Table 1, which also shows the periods T} (:l) The amplitudes B, are

f
approximately inversely proportional to the frequencies f,, which roughly corresponds to the spectrum of
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real geomagnetic field variations. The phase angles ¢ are chosen arbitrarily. A three-day sample

(starting at t=0) of the geomagnetic field variation given by formula (47) is shown in Fig. 3.

Table 1. Parameter values of an artificial test geomagnetic variation waveform defined by equation (47). These
values are used in all analyses in Section 6.

k B,[nT] [J¢ [deg] £ [Hz] T,=1/f, [min]

1 200 10 0.00009259 180
2 90 20 0.00020833 80
3 30 30 0.00047619 35
4 17 40 0.00111111 15
5 8 50 0.00238095 7
6 3.5 60 0.00555555 3
Test Geomagnetic Yariation, Six Sine Functions

400 T T T T T T T

00

200 H l'

100 r .V .|

T o} & r

s

=300 F

—400 L L L L L L L
0 10 20 30 40 50 B0 70 a0

Time [h]

Figure 3. Test geomagnetic field variation on three days (starting at the time ¢ = 0) obtained from equation (47)
with the parameter values given in Table 1.

For simplicity, we again use a model of the Earth with uniform conductivity o . We believe that this
assumption does not prevent us from drawing conclusions also valid for more complicated Earth
conductivity structures but, as seen in Section 5, this assumption enables the derivation of an exact
analytic expression for the geoelectric field (see equation (30)). Thus, noting that the amplitudes B,

correspond to B, used in Section 5 and that the angular frequency @, is related to the frequency f; by

o, =2rf , the exact expression of the geoelectric field induced by the geomagnetic field variation given

E ZB ’,u sin(2zft + ¢, + 4) (48)

Using a value of 0.001 S/m for the Earth’s conductivity, formula (48) gives the geoelectric field shown
in Fig. 4 for three days starting at ¢ = 0.

by equation (47) is
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Exact Analytic Geoelectric Field, Uniform Earth 1000 obm m

400 T T T T T T T

00 F .

200 b

100 b

[mkem]
<

-100 F .

—200 F b

-300 b

—400 1 ' 1 1 1

Time [h]

Figure 4. Exact geoelectric field on three days (starting at the time ¢ = 0) calculated using equation (48) with the
parameter values given in Table 1 and assuming that the Earth’s conductivity is o = 0.001S/m .

The expressions of the approximate geoelectric fields E,,,. p(t) and E,,,. ,(t) obtained by applying
truncated high-pass and low-pass impulse responses having the length ¢, can be derived using equations
(40) and (36), respectively, which gives

E z 2B, cos(27zft +¢)+ G, sin2zft+¢,)] (49)
#UO-

E g Z(): 2B, cos(27rft +¢)+ Fk sin2z fit + ¢, )] (50)
=1 /'I(JU

where F and F} are the Fresnel Cosine and Sine Integrals defined by equations (33) and (34) with
& =2yft, , and the coefficients G and G are obtained from equations (41) and (42). Thus

2 Ay 2
F = I sin (%Jdé (51)
0
2 Ay 2
F} = I sin (%Jdé (52)
0

A S A (53)
' 2741, t,

cos(2zf t,)

s 5_2”\/E

Copyright © 2017 Isaac Scientific Publishing GR



86 Geosciences Research, Vol. 2, No. 2, May 2017

Table 2. Values of the coefficients F(A, , FSA , Gé and Gi defined by equations (51), (52), (53) and (54) and used

in formulas (49) and (50) for four impulse response lengths (¢, = 1, 4, 12, 24 hours) and for the six periods T}, given
in Table 1.

Length ty[h] T =180 min T =80 min T=3min T=15min T=7min T = 3 min
1 0.741 0.321 0.383 0.498 0477 0.500
4 0.622 0.498 0.452 0.500 0.527 0.500
12 0.498 0.500 0.485 0.500 0.488 0.500
24 0.499 0.500 0.519 0.500 0.489 0.500
Fy
Length ty[h] T =180 min T=80min T=3min T=15min T =7min T = 3 min
1 0.586 0.517 0.532 0.421 0.549 0.464
4 0.561 0.408 0.463 0.460 0.506 0.482
12 0.421 0.447 0.532 0.477 0.490 0.490
24 0.444 0.462 0.484 0.484 0.502 0.493
c:
Length t,[h] T =180min T=80min T=35min T=15min T=7min T =3 min
1 0.503 0.505 0.502 0.498 0.500 0.500
4 0.503 0.498 0.500 0.500 0.500 0.500
12 0.498 0.500 0.500 0.500 0.500 0.500
24 0.500 0.500 0.500 0.500 0.500 0.500
:
Length t,[h] T =180min T=80min T=35min T=15min T=7min T =3 min
1 0.448 0.517 0.505 0.500 0.500 0.500
4 0.493 0.500 0.501 0.500 0.500 0.500
12 0.500 0.500 0.500 0.500 0.500 0.500
24 0.500 0.500 0.500 0.500 0.500 0.500

Using equations (49) and (50), we compute E,.,,. () and E, . (t) during the three-day sequence
included in Figures 3 and 4. Four different impulse response lengths are considered, which are ¢, = 1, 4,
12, 24 hours. The values of the coefficients F, F., G and G; used in formulas (49) and (50) are
given in Table 2. Comparisons of E,,,. 5(t) and E,,,. () with E,, (%) given by equation (48) are made
for the geoelectric field values on the middle day of the three-day sequence included in Figures 3 and 4,
i.e. from 1440 min to 2879 min, thus including 1440 data points with a one-minute sampling interval.

Figures 5-8 show the approximate geoelectric field based on a truncated impulse response on the
middle day (1440 red data points) as a function of the exact geoelectric field given by formula (48). The
Earth’s conductivity is set too = 0.001 S/m. The unit of the geoelectric fields is [mV/km] in the figures.
The black lines show the least-square fits as follows

E_ =aE __ +b (55)

trunc ezact
Figures 5 and 7 refer to “High-Pass” calculations using equation (49) with the impulse response
lengths of 1 h (Fig. 5) and 24 h (Fig. 7). Figures 6 and 8 depict the results from “Low-Pass” calculations
using equation (50) with the impulse response lengths of 1 h (Fig. 6) and 24 h (Fig. 8).
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Geoelectric Field [mb/km]: Red = Approximate ws, Exact: Black = Least-Square Fit
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=400 =300 =200 -100 0 100 200 300 400

Exact.

Figure 5. Approximate geoelectric field (vertical axis) obtained using the truncated impulse response as a function
of the exact geoelectric field (horizontal axis). The unit on both axes is [mV/km]. The approximate calculation is
performed using the “High-Pass” formula (49) with the impulse response length ¢, = 1 h. The exact geoelectric field
is obtained from equation (48). One-minute values on the middle day of the three-day sequence included in Figures
3 and 4 are considered, so the number of the red data points is 1440. The black line shows the least-square fit. The
values of the parameters included in equations (48) and (49) are given in Tables 1 and 2, and the Earth’s
conductivity is o = 0.001 S/m.

Geocelectric Field [mb/km]: Red = Approximate ws, Exact: Black = Least-Square Fit
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Figure 6. Similar to Fig. 5 but the approximate calculation is based on the “Low-Pass” formula (50) with the
impulse response length ¢, = 1 h. The values of the parameters included in equation (50) are given in Tables 1 and
2, and the Earth’s conductivity is o = 0.001 S/m.
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Geoelectric Field [mY/km]: Red = Ppproximate ws, Exact: Black = Least-Square Fit
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Exact
Figure 7. Similar to Fig. 5 but the impulse response length is ¢, = 24 h.
Geoelectric Field [mVAkm]: Fed = Ppproximate ws, Exact: Black = Least-Square Fit
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Figure 8. Similar to Fig. 6 but the impulse response length is ¢, = 24 h.

Table 3 contains a summary of the comparisons between E,,.(t) and E,.,,. 5(t) (“High-Pass”) or
Eie (1) (“Low-Pass”) including all four impulse response lengths considered. The parameters a and b
give the least-square fits of the 1440 data points according to equation (55). In Table 3, all correlation
coefficients between the exact geoelectric field and the approximate geoelectric fields obtained using
truncated impulse responses are very high, and all values of a and b are close to one and zero,
respectively. Consequently, the agreement between the exact and approximate geoelectric field values is
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very good in all cases considered. However, looking at the numbers included in Table 3 more closely, we
can see that the “High-Pass” values refer to an even better agreement than the “Low-Pass” values and
that the “High-Pass” values vary less when the impulse response length changes. This indicates that, in
numerical calculations based on the high-pass impulse response R, (t) and B(t), the truncation of the
convolution integral can be made much earlier than when using the low-pass impulse response S,.,.(t)

and g(t) = di—it), and even the length of one hour would be sufficient in the case of R, (t) and B().

As discussed in Section 4, the reason for this is that R(f) given by equation (24) goes to zero with
increasing ¢ much faster than S(t) given by equation (23) (see Fig. 1). These observations about shorter
impulse response lengths in “High-Pass” calculations than in “Low-Pass” calculations are also in
agreement with the conclusions drawn in Section 5.

Figures 5 and 8 look very similar, and the corresponding (i.e. “High-Pass” - 1h and “Low-Pass - 24
h) values of the correlation coefficient are near each other in Table 3. Moreover, the values of the
parameter a do not differ much in these two cases in Table 3. (The values of the parameter b differ
relatively more but they are insignificant anyway.) Consequently, we may conclude that in “High-Pass”
calculations the same accuracy of the geoelectric field is already obtained with an impulse response
length of one hour that requires the length of twenty-four hours in “Low-Pass” calculations. The large
scatter in Fig. 6 supports the conclusion that the length of one hour is definitely too short in “Low-
Pass” calculations. As expected, “High-Pass” calculations with an impulse response having the length of
24 h lead to very precise geoelectric results as seen from Fig. 7, which shows no scatter.

Figures 9-11 present the approximate geoelectric field obtained using the truncated impulse response
(blue) and the exact geoelectric field given by formula (48) (red) during four hours in the beginning of
the middle day of the three-day sequence included in Figures 3 and 4. The Earth’s conductivity is again
set to o = 0.001 S/m. Figure 9 refers to a “High-Pass” calculation using equation (49) with the impulse
response length of 1 h. Figures 10 and 11 show the results from “Low-Pass” calculations using equation
(50) with the impulse response lengths of 1 h (Fig. 10) and 24 h (Fig. 11).

Table 3. Correlation coefficients and least-square fit parameters a and b (equation (55)) between the exact
geoelectric field (equation (48)) and the geoelectric fields obtained using truncated impulse responses (equation (49)
- “High-Pass” and equation (50) - “Low-Pass”). Four impulse response lengths are considered: ¢, = 1, 4, 12, 24
hours. The analysis concerns one-minute values on the middle day of the three-day sequence included in Figures 3
and 4, i.e. 1440 data points. The values of the parameters included in equations (48), (49) and (50) are given in
Tables 1 and 2, and the Earth’s conductivity is o = 0.001 S/m.

High-Pass

Length t,[h] Corr.Coeff a b [mV /km]
1 0.99855 0.978 0.0037
4 0.99997 0.997 0.0005
12 0.9999990 0.999 0.0001
24 0.99999989  1.000 0.0000

Low-Pass

Length t,[h] Corr.Coeff a b [mV /km]
1 0.97153 1.138 -0.0031
4 0.99092 1.075 -0.0137
12 0.99704 0.938 0.0141
24 0.99857 0.956 0.0007
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Geoslectric Field: Red=F_ewxact, Blue=E_trunc_B: t0 = 1h
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Figure 9. Approximate geoelectric field obtained using the truncated impulse response (blue) and exact geoelectric
field (red) during four hours in the beginning of the middle day included in Figures 3 and 4. The approximate
calculation is performed using the “High-Pass” formula (49) with the impulse response length ¢, = 1 h. The exact
geoelectric field is obtained from equation (48). The values of the parameters included in equations (48) and (49)
are given in Tables 1 and 2, and the Earth’s conductivity is o = 0.001S/m .

Geoslectric Field: Red=E_exact, Blue=E_trunc_g: t0 = 1h
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Figure 10. Similar to Fig. 9 but the approximate calculation is based on the “Low-Pass” formula (50) with the
impulse response length ¢, = 1 h. The values of the parameters included in equation (50) are given in Tables 1 and
2, and the Earth’s conductivity is o = 0.001S/m .
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Geoelectric Field: Red=E_exact, Blue=E_trunc_g: t0 = 24h
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Figure 11. Similar to Fig. 10 but the impulse response length is ¢, = 24 h.

Comparison of Figures 9 and 11 supports the conclusion drawn from Figures 5 and 8 above that
“High-Pass” calculations lead to the same accuracy with an impulse response length of 1 h as “Low-
Pass” calculations with an impulse response length of 24 h. The large differences between the blue and
red curves in Fig. 10 again emphasise that 1 h is clearly too short an impulse response length in “Low-
Pass” calculations. Looking carefully, we may see some, though insignificant, differences between the
blue and red curves in Fig. 9, but if the impulse response length is extended to 4 h in “High-Pass”
calculations it is impossible to see any differences between the two curves (not shown in this paper).

7 Conclusion

In the time domain, the geoelectric field can be expressed as a convolution between the geomagnetic
field variation or its time derivative and an impulse response function. The geomagnetic field variation
is convolved with a high-pass impulse response and the time derivative of the geomagnetic variation
with a low-pass impulse response. Mathematically the convolution integrals extend to infinity but in
practical calculations only finite intervals can be used, i.e. the impulse responses are truncated.

The effect of the truncation on the geoelectric field is investigated in this paper. For a sinusoidal
geomagnetic field variation and a uniform-conductivity Earth model, it is possible to derive an analytic
expression for the exact geoelectric field and analytic expressions for the approximate geoelectric field as
functions of the truncated impulse response length using the Fresnel Cosine and Sine Integrals. These
expressions enable studying the effect of the impulse response length on the accuracy of the geoelectric
field values in detail.

The calculations discussed in this paper utilise an artificial test geomagnetic variation waveform
consisting of six sinusoidal waves and response functions calculated for an earth model with uniform
conductivity. It is seen that the high-pass impulse response used for convolution with geomagnetic data
can be truncated quite early. Even the length of one hour is enough to provide accurate geoelectric field
values. But, in the convolution with the time derivative of the geomagnetic field, the low-pass impulse
response must be extended until several hours, even to twenty-four hours. This can be understood
mathematically by the slower decrease of the low-pass impulse response with increasing time lag
between geoelectric and geomagnetic data.

Although the studies discussed in this paper use an Earth model with uniform conductivity the
conclusions about the impulse response lengths are certainly qualitatively true for non-uniform Earth
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models as well. As analytic expressions of the impulse responses and of the geoelectric field are not
available in non-uniform cases, quantitative conclusions about the accuracy of the geoelectric field values
would require precise and detailed numerical calculations using the particular Earth models.
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