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Abstract. The evaluation of the physical parameters or effects—such as the luminosity function
(LF) or the photometric maximum (PM)—for galaxies is routinely modeled by their spectroscopic
redshift. Here, we model LF and PM for galaxies by the photometric redshift as given by the
Spitzer Wide-Area Infrared Extragalactic (SWIRE) catalog in the framework of a lognormal LF.
In addition, we compare our model with the Schechter LF for galaxies. The adopted cosmological
framework is that of the flat cosmology.
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1 Introduction

When a spectrum is not available for direct redshift determination, the photometric redshift of a galaxy
can be deduced from its colors. In practice, the galaxy’s magnitude in several broad-band filters is
compared to that expected from the theoretical spectra of different types of galaxies at a range of redshifts.
In the last few years, the number of catalogs characterized by the photometric redshift as an indicator of
the distance has grown progressively. For example, the Spitzer Wide-Area Infrared Extragalactic survey
(SWIRE) catalog, see [1], has one million galaxies while the GLADE catalog, see [2], has one and a
half million galaxies. The lognormal distribution in astronomy has been used to model the apparent
distribution of galaxies, see [3], the durations of gamma-ray burst (GRB), see [4–7], the luminosity
function (LF) of GRB, see [8], the time interval between successive bursts from the magnetar SGR
1806-20, see [9, 10], the angular momentum of disc galaxies and the galaxies rotation curve, see [11, 12].
The LF for galaxies is usually fitted with the Schechter function, see [13]. A first improvement for the
standard LF can be obtained from a given probability density function (PDF) (i.e. the gamma variate)
for the mass of the galaxies, M, and by assuming a non-linear relationship between M and luminosity
(L), see [14]. A second improvement analyzes standard PDFs, such as the generalized gamma, and then
converts it to a LF, see [15]. The newly obtained LFs for galaxies should then be compared with the
Schechter LF in the framework of the statistical tools. The high number of galaxies allows us to pose the
following questions:

1. What are the differences between the photometric redshift (PM) and the spectroscopic redshift ?
2. Can we model the number of galaxies as a function of the PM? For example, see Figure 15 in [16] ?
3. Can we model the LF for galaxies with the lognormal distribution when the photometric redshift is

available ?

The rest of this paper is structured as follows. In Section 2, we explore the luminosity distance as a
function of the redshift in flat cosmology. In Section 3, we evaluate the astronomical LF for galaxies and
we then model it with the lognormal LF. In Section 4, we model the maximum number of galaxies (PM)
in the SWIRE catalog as a function of the photometric redshift.

2 Flat Cosmologies with a Cosmological Constant

The luminosity distance dl is

DL(z; c,H0, ΩM) =
c

H0
(1 + z)

∫ 1

1
1+z

da√
ΩMa+ (1−ΩM)a4

, (1)
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where H0 is the Hubble constant, expressed in km s−1 Mpc−1; c is the light velocity, expressed in km s−1;
z is the redshift; a is the scale-factor; and ΩM is

ΩM =
8πGρ0

3H2
0

, (2)

where G is the Newtonian gravitational constant and ρ0 is the mass density at the present time.
We report the Padé approximate integral of the luminosity distance DL,2,2, in the case of m=2 and

n=2 when H0 = 70km s−1 Mpc−1 and ΩM = 0.277 as in [17]

DL,2,2(z) = 4282.749 (1 + z)(−0.07115 (1 + z)−1 + 0.12536 ln(−699.225 (1 + z)−2

+124.1677 (1 + z)−1 − 282.588) + 1.32386− 0.39385 i

−2.17281 arctan(1.58858 (1 + z)−1 − 0.141049)) . (3)

In this complex analytical solution, we have a real part that is denoted by < and a negligible imaginary
part. For example, this real part is 35089.79318 when z = 4 and the imaginary part is −0.706 10−4.

In the case of m=2 and n=2 the minimax rational expression for the luminosity distance, DL,m,2,2,
is

DL,m,2,2 =
2.982 + 1868.83 z + 2950.527 z2

0.453585 + 0.26391 z + 0.0030963 z2
(4)

for 0.0001 < z < 4 .

These formula can be inverted for the redshift, z2,2(DL),

z2,2(DL) =
N22

D22
, (5)

where

N22 = −2.686 1010 DL + 1.292 1014 − 20

√
1.684 1018DL

2 + 7.283 1022 DL + 4.141 1025 , (6)

and
D22 = 5.4075 108 DL − 4.041511 1014 . (7)

The angular diameter distance, DA, is a second useful distance; which, after [18], is

DA =
DL

(1 + z)2
. (8)

The transverse comoving distance, DM , is a third useful distance,

DM =
DL

1 + z
, (9)

with the connected total comoving volume Vc

Vc =
4

3
πD3

M . (10)

3 The Luminosity Function

This section introduces the SWIRE catalog. It discusses the differences between photometric and spec-
troscopic redshift, evaluates the astronomical LF, introduces the Schechter LF, and models the results
with the lognormal LF.

3.1 The SWIRE Catalog

The SWIRE photometric redshift catalog contains over 1 million galaxies over 49 deg2 of sky. The
parameters that are used here are: the absolute B-band magnitude; the luminosity in the B-band, which
is expressed in solar units; and, the photometric redshift, see [1] with data at http://vizier.u-strasbg.
fr/viz-bin/VizieR and specifically Table II/326/zcatrev.
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3.2 Photo-z vs. Spectro-z

The number of galaxies of SWIRE with photometric redshift is 6095. The differences between photometric
and spectroscopic redshift are outlined in Figure 1 and a comparison should be made with Figure 10 in
[19]. A first test parametrizes the differences between the two redshifts as

∆z = (spectro− z)− (photo− z) = −0.037± 0.339 , (11)

where the error is the standard deviation of the sample. A second test fits the photometric-spectroscopic

Fig. 1. Comparison between photo-z and spectro-z.

relationship with a straight line

y = a+ bx , (12)

where x is the spectroscopic redshift, y is the photometric redshift, a and b two parameters to be found
with the least square fit [20]. In our case a = 0.102 , b = 0.778 and the correlation coefficient, r, is 0.778.

3.3 The Observed LF

A LF for galaxies is built according to the following points:

1. An upper value of redshift is chosen (i.e. 0.05);

2. SWIRE’s galaxies are selected according to the following ranges of existence: 7 ≤ Log10(L/L�) ≤ 11
where L is the B-band luminosity;

3. We organize a histogram with bins large ≈ one decade;

4. We then divide the obtained frequencies by the involved comoving volume;

5. We apply the 1/Vmax method because our sample is incomplete at low values of luminosity, see [21–
23]. The maximum value in redshift at which a galaxy can be detected is found solving the following
non linear equation

fave =
Li

4πDL(z; c,H0, ΩM)2
, (13)

where fave is the averaged flux of the sample and Li the luminosity of the considered bin i;

6. The error of the LF is evaluated as the square root of the frequencies divided by the comoving volume,
as given by eqn. (10).

An example of LFs for SWIRE that are found by implementing the 1/Vmax estimator, see [24], can be
found in Figure 2 in [25].
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3.4 Statistical Tests

The merit function χ2 is computed as

χ2 =
n∑
j=1

(
LFtheo − LFastr

σLFastr
)2 , (14)

where n is the number of bins for the LF of the galaxies, the index theo stands for ‘theoretical’, the
index astr stands for ‘astronomical’ and σLFastr is the error in the LF. The reduced merit function χ2

red

is evaluated by

χ2
red = χ2/NF , (15)

where NF = n−k is the number of degrees of freedom and k is the number of parameters. The goodness
of the fit can be expressed by the probability Q, see Equation 15.2.12 in [20], which involves the number
of degrees of freedom and χ2. According to [20], the fit “may be acceptable” if Q ≥ 0.001. The Akaike
information criterion (AIC), see [26], is defined by

AIC = 2k − 2ln(L) , (16)

where L is the likelihood function and k is the number of free parameters in the model. We assume a
Gaussian distribution for the errors and we also assume that the likelihood function can be derived from
the χ2 statistic L ∝ exp(−χ

2

2 ) where χ2 has been computed by Equation (14), see [27], [28]. The AIC
now becomes

AIC = 2k + χ2 . (17)

3.5 Schechter LF

The Schechter LF of galaxies ,Φ, see [13], is

Φ(L;Φ∗, α, L∗)dL = (
Φ∗

L∗
)(
L

L∗
)α exp

(
− L

L∗
)
dL , (18)

where α sets the slope for low values of L, L∗ is the characteristic luminosity, and Φ∗ represents the
number of galaxies per Mpc3. The normalization is∫ ∞

0

Φ(L;Φ∗, α, L∗)dL = Φ∗ Γ (α+ 1) , (19)

where

Γ (z) =

∫ ∞
0

e−ttz−1dt , (20)

is the Gamma function. The average luminosity, 〈L〉, is

〈(Φ(L;Φ∗, α, L∗)〉 = L∗Φ∗ Γ (α+ 2) . (21)

An equivalent form in absolute magnitude of the Schechter LF is

Φ(M ;Φ∗, α,M∗)dM =

0.921Φ∗100.4(α+1)(M∗−M) exp
(
−100.4(M

∗−M)
)
dM , (22)

where M∗ is the characteristic magnitude. We briefly recall the existence of the Wisconsin-Indiana-Yale-
NOAO Observatory (WIYN) at Kitt Peak National Observatory.

A typical result of the Schechter LF in the case of SWIRE/WIYN LF24, see Figure2 in [25] where
the index 24 stands for 24µm, is reported in Figure 2 with parameters as in Table 2.
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Fig. 2. The observed SWIRE/WIYN LF24 for galaxies, empty stars, (data extracted by the author) and the fit
by the Schechter LF.

3.6 The Lognormal LF

Let L be a random variable taking values L in the interval [0,∞]; the lognormal. The PDF, following
[29] or formula (14.2)′ in [30], is

PDF (L;L∗, σ) =

√
2e−

1
2

1
σ2

(ln( L
L∗ ))

2

k

2Lσ
√
π

, (23)

where L∗ = expµLN and µLN = lnL∗. The mean luminosity is

E(L;L∗, σ) = L∗ e
1
2 σ

2

. (24)

The luminosity function for galaxies, Φ(L;L∗, σ), can be obtained by multiplying the lognormal PDF
by Φ∗, which is the number of galaxies per Mpc3 units

Φ(L;L∗, σ) = Φ∗
√

2e−
1
2

1
σ2

(ln( L
L∗ ))

2

2Lσ
√
π

, (25)

for further details, see [8]. The magnitude version for the lognormal LF is

Φ(M ;M∗, σ) = 0.3674
Φ∗

σ
e−0.4241

(M∗−1.0M)2

σ2 , (26)

where M∗ is the scaling absolute magnitude and M is the absolute magnitude.
The resulting fitting curve is displayed in Figure 3, with parameters as in the second column of Table

1.
A comparison can be made with the SWIRE/WIYN 24µm LF, LF24, as reported in Figure 2 in [25]

(data extracted by the author), see Figure 4.
A typical result of the lognormal LF in the case of SWIRE/WIYN LF24 is reported in Figure 5, with

parameters as in the second column of Table 1.

4 Photometric Maximum

The flux,f , is

f =
L

4πr2
, (27)

where r is the luminosity distance. The redshift is approximated as

z = z2,2 , (28)
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Fig. 3. The observed LF for galaxies in B-band , empty stars with error bar, and the fit by the lognormal LF
when the distance covers the [0, 0.05] range in redshift.

Fig. 4. SWIRE/WIYN LF24, empty stars (data extracted by the author), and SWIRE LF in B-band, filled
circles.

Fig. 5. The observed SWIRE/WIYN LF24 for galaxies, empty stars, (data extracted by the author) and the fit
by the lognormal LF.
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Table 1. Parameters and statistical tools for SWIRE LF and SWIRE/WIYN LF24 as modeled by the lognormal
LF for z in [0, 0.05] with the SWIRE data.

Parameter SWIRE LF SWIRE/WIYN LF24

L∗

109 L�
0.696 3.25

σ 0.996 1.77
Φ∗

Mpc−3 0.021 0.014

Q 0 2.05 10−6

NF 4 4
χ2
red 59.56 5.12

AIC 238.27 47.03

Table 2. Parameters and statistical tools for SWIRE LF and SWIRE/WIYN LF24 as modeled by the Schechter
LF for z in [0, 0.05] with the SWIRE data.

Parameter SWIRE LF SWIRE/WIYN LF24

L∗

109 L�
1.035 28.46

α -0.02 -0.33
Φ∗

Mpc−3 0.02 0.0156

Q 0 6.977 10−5

NF 4 4
χ2
red 126 4.087

AIC 510 38.69

where z2,2 has been introduced into equation (5). The relationship between dr and dz is

dr =
104306

(
2676.6 z + 772.8914 z2 + 846.892

)
(z + 83.4793)

2
(z + 1.7548)

2 dz , (29)

where r has been defined as DL,m,2,2 by the minimax rational approximation. The joint distribution in
z and f for the number of galaxies is

dN

dΩdzdf
=

1

4π

∫ ∞
0

4πr2drΦ(L;L∗, σ)δ
(
z − (z2,2)

)
δ
(
f − L

4πr2
)

, (30)

where δ is the Dirac delta function and Φ(L;L∗, σ) has been defined in equation (25). This formula has
the following explicit version

dN

dΩdzdf
= 2.92× 1019

(z + 0.6317)
2

(z + 0.001599)
2

(z + 3.1108) (z + 0.35222)

(z + 83.4793)
4

(z + 1.7548)
4
fσ

×

e
−0.5 1

σ2

(
ln

(
1.141 1013

f(z+0.63179)2(z+0.00159987)2

(z+83.4793)2(z+1.75483)2L∗

))2

. (31)

Figure 6 presents the number of galaxies that are observed in SWIRE as a function of the redshift
for a given window in flux, in addition to the theoretical curve. The theoretical number of galaxies is
reported in Figure 7 as a function of the flux and redshift, and is reported in Figure 8 as a function of σ
and redshift.

An analogous procedure for the joint distribution in z and f for the number of galaxies in the case of
the Schechter LF derives

dN

dΩdzdf
= 8.3533× 1032

(z + 0.001599)
4

(z + 0.6317)
4

Φ∗ (z + 3.110) (z + 0.3522)

(z + 83.4793)
6

(z + 1.75483)
6

L∗
×(

1.141 1013
f (z + 0.63179)

2
(z + 0.001599)

2

(z + 83.4793)
2

(z + 1.7548)
2

L∗

)α
e
−1.141 1013

f(z+0.631791)2(z+0.001599)2

(z+83.4793)2(z+1.7548)2L∗ (32)
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Fig. 6. The galaxies of SWIRE in B-band with 0.00057L�/Mpc2 ≤ f ≤ 10501L�/Mpc2 are organized by
frequency versus distance (empty circles); the error bar is given by the square root of the frequency. The maximum
frequency of the observed galaxies is at z = 0.9. The full line is the theoretical curve generated by dN

dΩdrdf
as given

by the application of the lognormal LF, which is Equation (31), and the theoretical maximum is at z = 0.57. The
parameters are L∗ = 9 1010L� and σ =1.4 .

Fig. 7. The theoretical number of galaxies as a function of redshift and flux expressed in L�/Mpc2. The param-

eters are L∗

109 L�
= 9 109, σ = 1.4 and Φ∗

Mpc−3 = 0.015 .
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Fig. 8. The theoretical number of galaxies as a function of sigma and redshift when L∗

109 L�
= 9 109, f =

5250L�/Mpc2 and Φ∗

Mpc−3 = 0.015 .

Fig. 9. The galaxies of SWIRE in B-band in frequencies versus redshift (empty circles). The full line is the
theoretical curve generated by dN

dΩdrdf
, as given by the application of the lognormal LF, which is Equation (31),

with parameters as in Figure 6. The dashed line is the theoretical curve generated by dN
dΩdrdf

, as given by the
application of the Schechter LF, which is given in Equation (32), with parameters as given in Figure 6. The input
parameters of the Schechter LF are L∗

109 L�
=200, α=-0.33 and Φ∗

Mpc−3 =0.0156. The goodness of fit is χ2 = 389246

for the Schechter LF and χ2 = 83970 for the lognormal LF.
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5 Conclusions

Flat cosmology In this paper, we derive an approximate relationship for the luminosity distance in
spatially flat cosmology with pressure-less matter and cosmological constant, H0 = 70km s−1 Mpc−1 and
ΩM = 0.277, as a function of the redshift, see equation (3). We have derived the inverse relationship, the
redshift as a function of the luminosity distance, see equation (5).

spectro-z vs. photo-z The differences between spectroscopic and photometric redshift, as processed
from the SWIRE catalog, are characterized by a nearly zero value, -0.037, and by a great error, 0.339.
This fact demands for an improvement in the derivation of the photometric redshift [31].

LF Knowledge of the comoving volume allows us to derive the astronomical LF for galaxies of the
SWIRE catalog in the framework of the photometric redshift. The LF is modeled with lognormal LF,
see Section 3.6, and a comparison is made with the Schechter LF, see Section 3.5. We have analyzed
two observed LFs with two theoretical LFs for a total of four cases. The χ2

red of the Schechter LF was
smaller than that of the lognormal in one case over four, see Tables 1 and 2. In the case of the PM, the
lognormal number of galaxies as a function of the redshift gives a better fit in respect to the Schechter
fit, see χ2 in Figure 9.

PM
The joint distribution in the photometric redshift and in the energy flux density is modeled in the

case of a flat universe and a lognormal LF, see Formula (30). The position in the redshift of the maximum
for PM of galaxies at a given flux or apparent magnitude does not have an analytical expression and,
therefore, is found numerically, see Figure 6.
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