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1 Introduction and Main Results

Let G C C be a finite region, with 0 € G, bounded by a Jordan curve L := 0G, §2 := extL := C\G, where

C:=CU{oo}, A:={w: |w| > 1} and let p,, denote the class of arbitrary algebraic polynomials P, (z)
of degree at most n € N. Let w = &(z) be the univalent conformal mapping of {2 onto the A normalized

by ®(00) = o0, lim,_, 2(z) 0,and ¥ := @ ! Fort > 1, z € C, we set:

z

Ly:={z: |2(2)| =t} (L1 = L), Gy :=intLy, 2 = extLy.

Let {z; };":1 be a fixed system of distinct points on curve L, located in the positive direction. For some
fixed Ry, 1 < Ry < 00, and z € Gp,, consider a so-called generalized Jacobi weight function h (z) being
defined as follows:

h(z) := ho(z) H |z— 2|, z € Ghr,, (1.1)
j=1

where v; > =2, for all j = 1,2,...,m, and the function h¢ is uniformly separated from zero in G, i.e.
there exists a constant c¢g := ¢o(GRr,) > 0 such that, for all z € Gg,

ho(z) >co > 0.

For any p > 0 and for Jordan region G, let’s define:

1/p
1Pl = WPallayner = ([ 162 |Pn<z>|pdaz) <00, 0< p < o0 (1.2)
[Pl : = HPnHAOO(LG) = ||Pn||c(§) y P= 00,

where o, is the two-dimensional Lebesgue measure.
In this work, we continue the study of the following Nikolskii-type inequality:

1Palloe < c1An(G s p) [ Pall,, (1.3)
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where ¢; = ¢1(G, h,p) > 0 is a constant independent of n and P,, and \,(G,h,p) — 0o, n — o0,
depending on the geometrical properties of region G, weight function h and of p. The estimate of (1.3)-
type for some (G, p, h) was investigated in [27, pp.122-133], [17], [26, Sect.5.3], [32], [15], [2]-[8] (see, also,
references therein) and others. Further, analogous of (1.3) for some regions and the weight function h(z)
were obtained: in [8] for p > 1 and for regions bounded by piecewise Dini-smooth boundary without cusps;
in [11] for p > 0 and for regions bounded by quasiconformal curve; in [7] for p > 1 and for regions bounded
by piecewise smooth curve without cusps; in [10] for p > 0 and for regions bounded by asymptotically
conformal curve; in [16] for p > 0 and for regions bounded by piesewise smooth curves with interior (zero
or nonzero) angles, in [12] for p > 0 and for regions bounded by piecewise asymptotically conformal curve
having cusps and others.

In this work, we investigate similar problems for z € G in regions bounded by piecewise asymptotically
conformal curves having interior nonzero zero angles and for weight function & (z), defined in (1.1) and
for p > 0.

Now, we begin to give some definitions and notations.

Following [24, p.97], [28], the Jordan curve (or arc) L is called K —quasiconformal (K > 1), if there is
a K —quasiconformal mapping f of the region D D L such that f(L) is a circle (or line segment).

Let S be a Jordan curve and z = z(s), s € [0, |S|], |S|:= mes S, denote the natural representation
of S. Let z1, zo € S be an arbitrary points and S(z1,22) C S denotes the subarc of S of shorter diameter
with endpoints z1 and zo. The curve S is a quasicircle if and only if the quantity

|21 — 2| + |z — 23]

sup
z1,22€1l; z€Il(z1,22) ‘Zl - ZQI

(1.4)

is bounded. Following to Lesley [25], the curve S to be said "c—quasiconformal", if the quantity (1.4)
bounded by positive constant ¢, independent from points z1, zo and z. At the literature it is possible to
find various functional definitions of the quasiconformal curves (see, for example, [29, pp.286-294], [24,
p.105], [13, p.81], [30, p.107]).

The Jordan curve S is called asymptotically conformal [19], [30], if

|21 — z| + |z — 22|

sup
21,22€8; 2€8(z1,22) |Z1 - ZQ'

We will denote this class as AC, and will write G € AC, if L := 909G € AC.

The asymptotically conformal curves occupy a special place in the problems of the geometric theory of
functions of a complex variable. These curves in various problems have been studied by Anderson, Becker
and Lesley [14], Dyn’kin [20], Pommerenke, Warschawski [31], Gutlyanskii, Ryazanov [21], [22], [23] and
others. According to the geometric criteria of quasiconformality of the curves ([13, p.81], [30, p.107]),
every asymptotically conformal curve is a quasicircle. Every smooth curve is asymptotically conformal
but corners are not allowed. It is well known that quasicircles can be non-rectifiable (see, for example,
[18], [24, p.104]). The same is true for asymptotically conformal curves.

A Jordan arc £ is called asymptotically conformal arc, when £ is a part of some asymptotically
conformal curve.

Now, we define a new class of regions bounded by piecewise asymptotically conformal curve having
exterior nonzero "angles' at the connecting points of boundary arcs.

Throughout this work, we will assume that p > 0 and the constants c, cg, c1, c2, ... are positive and
constants £¢, €1, €2, ... are sufficiently small positive (generally, are different in different relations), which
depends on G in general and, on parameters inessential for the argument, otherwise, the dependence will
be explicitly stated. Also note that, for any & > 0 and m > k, notation j = k,m denotes j = k,k+1, ..., m.

Now, let’s introduce "special angles" on L.

Definition 1.1. We say that a Jordan region G € PAC(v1,...,vm), 0 <v; <2, j=1,m, if L = 0G

consists of the union of finite asymptotically conformal arcs {L; };”:1 , connected at the points {z; };n:O €

L such that in zo- L locally asymptotically conformal and for any z; € L, j = 1,m, where two arcs
L;_1 and L; meet, there exist rj := r;j(L,z;) > 0 and v; := v;(L, z;), 0 < v; < 2, such that for some
0 <6y <2 a closed mazimal circular sector S(z;;r;,v;) = {C (=2 Jrrjew", Op <0 < by+ l/j} of
radius r; and opening v;T lies in G = intL with vetrezx at Zj.

— ]., |21 — ZQ| — 0. (15)
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Clearly , that PAC(v1) C PAC(v9), if vo > 1.

Definition 1.2. We say that a Jordan region G € PAC(v), if G € PAC(v1,...,vm), 0 <v; <2, j =1,m,
where v =min{y; : 0 <v; <2, j=1,m}.

It is clear from Definition 1.1 (1.2), that each region G € PAC(v1,...,vVm), 0 < Vi, < 2,
(G € PAC(v)) may have "singularity" at the boundary points {z;}.*, € L. If it does not have such
"singularity’ ( in this case we put v; = 1, ¢ = 1,m), then it is written as G € AC.

Throughout this work, we will assume that the points {z;};-, € L defined in (1.1) and {¢;}/*, € L
defined in Definition 1.1 (1.2) coincide. Without the loss of generality, we also will assume that the points
{z:};", are ordered in the positive direction on the curve L.

We state our new results. Assume that the curve L have "singularity" on the boundary points {z;},- |,
iie., v; <1, for all i = 1,m, and the weight function A have "singularity" at the same points, i.e., 7; # 0
for some ¢ = 1, m. In this case, we have the following:

Theorem 1.1. Let p > 0. Suppose that G € PAC(v1,...,vy,) for some 0 < v, ...,y < 1; h(2) defined
as in (1.1). Then, for any P, € p,, n € N, and arbitrarily small € > 0, there exists ¢; = ¢1(G,p,7v;) >0
such that

1Pl S csln+ )5 Ry, (16)
where ¥ := max {0,v;} and v:=min{y;}, i=1,m .

Theorem 1.2. Let p > 0. Suppose that G € PAC(v1, ..., Vm) for some 0 < vy, ...,vm < 1; h(z) defined
as in (1.1). Then, for any P, € p,, n € N, and arbitrarily small € > 0, there exists ca = c2(G,p,7;) >0
such that

|Pn(z5)] < capin [|Pall,

where ( y )
24~ )(2—v;
nr e if*yj>2_lyj—2—e,
1
fhn = (nlnn)», if v =55 —2 ¢, (1.7)
nw, if —2<y <y —2-c

The sharpness of the estimations (1.6) and (1.7) can be discussed by comparing them with the following
result:

Remark 1.1. (/9, Theorem 1.15], [2]) For any n € N there exists a polynomials QF, T € o, such that
for unit disk B and weight function h*(z) = |z — ,21|2 the following is true:

|Qn(2)] = cn | Qnllaypy» forall z € B;

T (1) > ern® HT:;HAQ(h*,B) )

2 Some Auxiliary Results

Throughout this work, for the nonnegative functions ¢ > 0 and b > 0, we shall use the notations
“a = b” (order inequality), if a < ¢b and “a < b” are equivalent to cia < b < cga for some constants
¢, c1, ¢ (independent of a and b), respectively.

Lemma 2.1. [1] Let L be a K—quasiconformal curve, zy € L, z3,23 € 2N {z : |z — 21| 2 d(21,Lr,)};
w; =D(2;), 7=1,2,3. Then

a) The statements |z1 — 23| < |21 — 23| and |wy — wa| < |wy — ws| are equivalent.
So are |21 — 22| < |21 — 23| and |wy — wo| < |wy — ws|;
b) If |21 — 22| = |21 — 23|, then

—2 2

K
wy — ws 21 — 23 <‘wl—ws

w1 — W2 21 — 22 w; — w2

where 0 < rg <1, Ry := 7“51 are constants, depending on G.
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Lemma 2.2. [25,71).5’42/ Let L be an asymptotically conformal curve. Then, ® and ¥ are Lipa for all
a<1in 2 and A, correspondingly.

Let {ZJ} 1 be a fixed system of the points on L and the weight function h (z) be defined as in (1.1).

Lemma 2.3. [5] Let L be a K—quasiconformal curve; h(z) is defined in (1.1). Then, for arbitrary
P, (z) € pn, any R>1 andn=1,2,..., we have

~ 1
1Pall 4, hcr) = B MG 1Pnll 4, (h,cy» P> 0, (2.1)

where R =1+ ¢(R — 1) and c is independent from n and R.

3 Proof of Theorems

3.1 Proof of Theorem 1.1

Proof. Suppose that G € PAC(vq,v2) for some 0 < vy,v < 1 and h(z) is defined as in (1.1). Let
{&}, 1 <j<m <n, be the zeros (if any exist) of P,(z) lying on {2. Let’s define the function Blaschke
with respect to the zeros {¢;} of the polynomial P,(z) :

5 o P =)

Bj(z) := z € {2, (3.1)
T 1 9(E)(2)
and let .
Bp(z) =[] Bj(2), z € Q. (3.2)
j=1
It is easy that the
Bn(&) =0, |Bn(2)|=1, z€ L; |Bn(z)| <1, z€ 2. (3.3)

Then, for each €1, 0 < g1 < 1, there exists a circle {'w tlwl =Ry i=1469,0<e3 < %} such that for
any j = 1,2, the following holds:

‘Ej(g)’ >1—¢y, C€Lp,.

So, from (3.2), we get:

|Bm(Q)] > (1 —e2)™ = 1, ( € Lg,. (3.4)
For any p > 0 and z € {2 let us set:
- P, (Z) p/2
Qnp (2) = [Bm(z)@’”rl(z)} : (3.5)

The function @, , (2) is analytic in (2, continuous on £2, @, (00) = 0 and does not have zeros in 2. We
take an arbitrary continuous branch of the @y, j, (#) and for this branch, we maintain the same designation.
According to Cauchy integral representation for the unbounded region {2, we have:

Qn,P = o / Qn,p , 2 € (p,. (3.6)

According to (3.1) - (3.5), we have:

5 p/2

n+1
[Brn (20" (2) & (3.7)

/ ‘ P (9)
2nd(z, Lg,) B (Q)2"1(C)

¢n+1 % /l 3 |P/2 |
= I¢ =2

1P (2)]P? =
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Multiplying the numerator and the denominator of the last integrand by h'/ 2(¢), replacing the variable
w = P(z) and applying the Holder inequality, we obtain:

2
P ()12 |dt|
P, d W () | Py (2 ()7 [ (8)] |dt] - s (38
/| #lacl Sm-/m () 1P (PP 19'(0) |t_/Rl v e 09
< h(W(t)) | P ()P |2/ (2)] |dt] - 47
tl_/Rl () [P, (U)W | t|/Rl TS
1
= | frp(t) |p|dt| 7~ Ay - Dp(w),
ﬂ-/Rl |t/R () 90~ (w)

’

where f, (1) 1= h7 (W (1) P (F(£)) (¥ ()7 , |t| = Ry

For the estimate integral A,,, we divide the circle |t| = R; into n equal parts d,, with mesd,, = %
and by applying the mean value theorem, we get:
A= [ U O a1
[t|=Ra
i P
/ ®)|F |dt| = Z fnp (tk>‘ mesdy, 1), € Ok.
15, k=1
On the other hand, by applying mean value estimation
’ p
frp (tk> S ( // | frp (I doe,
T
IE tl <[ti] -1
we obtain:
2 - mes Oy, » ,
(Ap)” = — 3 | fnp ()" dog, t), € 0.
k=1 m ( - 1) ’ ’
|£_tk|<‘tk|_1
By taking into account, at most two of the discs with center ¢}, are intersecting, we have:
mesél )P
Ay = | frp ()" dog 2 - | frp (E)IF do.
1<|¢|<R 1<[¢I<R
According to Lemma 2.3, for A,, we get:
A, = n// (O do¢c = n- [Py (3.9)

GRr\G

To estimate the integral D, (w), denoted by w; := ®(2;), ¢, := argw;, for any fixed p > 1,we introduce:

Al(p)::{t:rewzr>p, SDO;'(PI §9<(P1‘;‘SD2}7 (310)
Ag(p)::{t:rew:r>p, 501-;'902 <9<901-2H00};

Aji= A1), 27 =W(4;), 2] :=V(4;(p));
j 5 7 a5
:=Ln@, L,:=L,N2, j=1,2 L=L"UL" L,=L,UL.
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Under these notations, from (3.8) for the D, (w), we get:
|dt|

o= _/R W) () — W) (311
<i / jat]
=1 B(L%,) H P (t) — W (wy)|" |P(t) - o (w)l?
= 2 ] =: 3 D,, i(w
/ ol B0 TP 2 )
<1'5(L

since the points {z; }]2.:1 € L are distinct. So, we need to evaluate the D,, ;(w). For this, we take z € Lg
and introduce the notations:

2 2
(L) = U Ly = U owr) = U UK/ (R, (3.12)
J=1 j=1li=1
where
K(R) = {ted(Ly): |t-wl<e}
K3 (Ry) i= ®(Lp \K{(Ra), j=1,2
Analogously,
2 2 2 2
o(Lr) = 2(|J Lp) = J 2(Lp) = J U K/ (B).
Jj=1 j=1 j=1i=1
where

KI(R): {t € B(LL) 1 |r —wy| < 201}
K}(R) :== &(Lp)\K{(R), j =1,2.

Then, after these definitions, taking arbitrary fixed w = &(z) € $(Lg), the quantity D,, ;(w) can be
written as follows:

2 2
< =) D} (w 3.13
Z / W(t) — @ (wy)[ [@(t) — ¥(w)|” ; () (3.13)

=t K](Rl)

The quantity D%, j (w) we shall estimate for each ¢ = 1,2 and j = 1,2 in cases separately, depending of
location of the w € &(Lg). Let € > 0 arbitrary small fixed number.

Case 1. Let w € O(L}).

According to the above notations, we will make evaluations for case w € K}(R) for each i = 1,2, 3.

1.1) Let w € K{(R). In this case, we will estimate the quantity

\dt| S
Dnl w) = 5 = Dnl w 3.14
1(w) Z / W (t) — W (wy)|™ |W(t) — ¥ (w)| ; 1) .

for 71 > 0 and ~y; < 0 separately.
For each i = 1,2 and j = 1,2 we put: Kij)l(Rl) = {t € (P(Liél) St —w,| > |t—w|}, Kf;z(Rl) =
KZ(RI) \ Ki'j,1(R1)-
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1.1.1) If 414 > 0, then

. )
Datu) = [ V(0 — )" [ (0) — P(w)P (319)

K1l(R1)

_ / |dt| N / |dt|

B W(t) — (w) () — (wy))* T
K},l(m)' (t) — ¥ (w)] K%Q(Rl)l (t) — & (wy)]

=: Dy (w) + Dy (w).

Since G € PAC(vy,v) for some 0 < vy, s < 1, according to [25], ¢ € Lipy; and & € Lip2_¥w7 i=1,2,
in a some fixed neighborhood of point z;. Therefore, we get:

11 |dt| (2471) (2—v1)—1
Dy (w) = / 1t — |G =n ’ (3.16)
Ki,(R1)
and |
1,2 (2+71)(2=v1)-1
Dn,l(w) = / ‘t _ w1|(2+'y1)(2—u1) =n ) (3'17)
K}, (R1)
If ~ <0, then
W(t) — w(w)| T |dt
D}L,l(w) _ / 1@ (1) (w1)] . |dt| (3.18)
il ) 0 w)
1 (1
= |dt| - |dt|
- |t7w|2(2—l/1) - |t7w|2(2—l/1)
K{(R1) Ki(R1)

< p2@-v)-1,

1.1.2) If 41 > 0, then

|dt]
D? [(w) = 5 3.19
) / | (t) — W (wi)[™ [F(t) — ¥ (w)| (319)

K5 (Ra)
- “ at|
a U(t) — w(w) W(t) — 0w
ety O H P a0 )
=: Dy (w) + Dy (w).
and, so from Lemma 2.1 and 2.2, we get:
D (w) < il < ) @=r)=1 (3.20)
1 - It — w|(2+71)(2*1’1) - ’ ’
K3, (Ra)
and
D23 (w) = 1. (3.21)
Therefore, from (3.19)-(3.21) for v, > 0, we have:
D2 (w) = nHm@=m=t, (3.22)

For 71 < 0 from (3.14), we have:

s W (t) — w(w)| ) |dt]
phat= | .

K1(R1)
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|dt]| Tte

wl
K} (R1)

1.2) Let w € K3(R).
1.2.1) For any v > —2

dt| |dt]

Dy (w) = / | + / (3.24)
’ ; (1) = w(w)T S () = ()T
(Rl) Klyz(Rl)

=¢Dn1( )+ Dyi(w),

and so, according to Lemmas 2.1 and 2.2, we obtain:

dt|
DY (w) = / | =1,
)= () - () T
Ki ,(R1)

and

1,2 |dt| (24v1)(2—v1)—1
D, (w) = / [t — wy | GFDE=D) =n V-1 (3.25)

K11,2(R1)

1.2.2) For any 1 > —2, according to Lemmas 2.1 and 2.2, we have:

D} 1 (w) = / i R / a 2971 (3.26)
’ [ (t) — & (w)| ™™ [P (t) — W (wy)
K34 (F) K} 5 (Ra)
|di] (2491) (1+2)—
/ [t e FEE e 0

K3 1(R1)
Combining estimates (3.14)-(3.26), for w € $(Lg), we have:
D, 1 =< n(2+;1)(2_"1)_1+5, 1 :=max {0;71} . (3.27)

Case 2. Let w € ®(L%). Analogously to the Case 1, we will obtain estimates for w € K7(R) and
w € K3(R)

Dy p(w) = nl2F12) @)= 15, = max {0572} (3.28)
Therefore, comparing relations (3.11), (3.13), (3.27) and (3.28), we have:
D, (w) < n(2F)@-r-1 4 n(2+;2)(2_”2)_1, (3.29)
where 77 and 72 defined as in (3.27) and (3.28).

an
Now, from (3.7), (3.8), (3.9) and (3.29), for any z € Ly, we get:
P (2)] < [p(FF)@w) 4 (202) Gy py |

Since this estimate holds for any z € Lg, then it is also true for z € G. Therefore, we complete the proof
of theorem. O

3.2 Proof of Theorem 1.2

Proof. Suppose that G € PAC(vy,v2) for some 0 < vy, < 1 and h(z) is defined as in (1.1). For
each R > 1, let w = ¢pg(z) denote a univalent conformal mapping Gr onto the B, normalized by
©r(0) =0, ¢R(0) >0, and let {¢;}, 1 <j <m < n, be a zeros of P,(z) (if any exist) lying on Gr. Let

2) = M 7. . ‘PR(C])
) =[] bjr(2) ];[ . Cj)wR( 3 (3.30)
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denote a Blaschke function with respect to zeros {¢;}, 1 < j <m <n, of P,(z) ([33]). Clearly,
|bm7R(Z)‘ =1, z € Lgr, and |bva(Z)| <1, z € Gg. (331)

For any p > 0 and z € Gp, let us set

P/2
PTL (Z) } (3.32)

Top (2) = [bm,R(Z)

The function T}, , (2) is analytic in G, continuous on Gr and does not have zeros in Gr. We take an
arbitrary continuous branch of the T, , (#) and for this branch we maintain the same designation. Then,
the Cauchy integral representation for the T;, , (z) at the z = 21 gives:

1 d
T (1) = g [ T (©) 25
Lgr
Then, according to (3.31), we obtain:
e () [ ‘ ¢
|Po ()] < o L/ on(@| -] (3.33)
v |dc]
P, .
jL/| Gl

Multiplying the numerator and the denominator of the last integrand by h'/2 (¢), replacing the variable
w = @(z) and applying the Holder inequality, we obtain:

2

z |dg]|
JAG e
[ ARANE: |dt]|
< h(@ () [P (W ()7 ¥ ()] [dt] - .
t|—/R Itl—/R h(![’(t)) |y7(t) - g/(wl)|
p |dt|
= [ sl lat] .
t|=/R HZR W (0) [2(0) — ¥ (wy)]

where f, ,(t) has been defined as in (3.8). Since R > 1 is arbitrary, then (3.34) holds also for R = Ry :=
1+ 2,0 <e; < 1. So, we have:

2
JEGE== Y
¢ — =]
LR,
) . |dt]|
< / | frp (D] |dt] / h(W () @ (t) — ¥ (wy)]?
=Ry t|=R,
= An -Dn(w1)7

and, A,, and D,,(w;) have been defined as in (3.8) for R = R;. Therefore, from (3.33) and (3.35), we have:
[P (21)] X Ap - Dy (w1), (3.36)

where, according to (3.9), the estimate
Ap 2n- HPTLHi
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is satisfied. For the estimate of the quantity D,,(w;1) we use the notations at the estimation of the D, (w)

as in (3.11)-(3.13). Therefore, under these notations, for the D, (w;), we get:

|dt]
D, (wy) =< /
W= ] @ e
®(L},)
2 2
|dt] -
< / =: D; 4 (wy).

; W (t) — 0 (wy)|* " ; N

K}(LRI)

So, we need to evaluate the DY ;(w) for each i = 1,2. We have:

dt|
;1( 1) |W(t)—W(’UJ1)|2+’Yl
Kll(LR1)
|dt| n(2-‘r'¥1)(2_V1)_17 if (2 +71) (2 _ 1/1) S 1,
= / ¢ Gt = Inn, ?f 2+m)2-wn)=1,
K} (Lry) £ =il 1, if (2+v1)(2-1m)<1,

and

dt| \dt| _
D? (w) = / | = / — < prn)(de) -1
11( 1) |![/(t) _ !I/(wl)|2+"/l - |t 24v1+e —

2 2 _wl‘
Kl(LRl) Kl(LRl)

Combining relations (3.37) - (3.39), we have:

nZH)Cmv)=lte i (24 4) (2 —vy) > 1 —¢,
D, (wy) = Inn, if (24+m)2—1)=1-c¢,
1, if 247)2—-1n)<1—c¢,

From the estimations (3.36) and (3.40), we obtain:

C4+v1)(2=v1)
SRSt

n G (24 7)(2—v1) > 1 —¢,
|Pn (21)| = (nlnln) Cif 24 ) 2 —m) =1—¢, IPall,,
nw, if 24m)2-1)<1-c¢,

=

and we complete the proof of theorem.
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