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Abstract In this paper, we obtain a Presic type fixed point theorem for two pairs of jointly
2k-weakly compatible maps in fuzzy metric spaces.We also give an example to illustrate our main
theorem. We obtain two corollaries for three maps and two maps.
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1 Introduction and Preliminaries

There are a number of generalizations of Banach contraction principle. One such generalization is given
by S.B.Presic [9] in 1965.
Let f: X* — X, where k > 1 is a positive integer. A point 2* € X is called a fixed point of f if

x* = f(x*,x*, -+ ,x*). Consider the k—order non linear difference equation
Tn+1 = f(xnfk%»l; Tpn—k+2,° " 7xn) forn =k — ]-7 ka k + 13 (11)
with the initial values xg, 1,22, -+ , 21 € X.

Equation (1.1) can be studied by means of fixed point theory in view of the fact that z € X is a
solution of (1.1) if and only if x is a fixed point of f. One of the most important results in this direction
is obtained by Presic [9] in the following way. Throughout this paper,let N denote the set of all positive
integers.

Theorem 1.1. ([9)) Let (X,d) be a complete metric space, k a positive integer and f : X* — X. Suppose
that

k
d(f(x17x27 t ;‘Tk)af(l'Z,x& t axk+l)) < Z(h d(xiaxi-i-l)
i=1

k

holds for all x1,29, - , 2k, 2p+1 € X, where ¢; > 0 and > q; € [0,1). Then f has a unique fized point
i=1
x*. Moreover, for any arbitrary points x1,x2,--- ,Xp41 in X, the sequence {x,} defined by Tpir =

f(@n, sty s Tpag—1), for all n € N converges to x*.
Later Ciric and Presic [6] generalized the above theorem as follows.

Theorem 1.2. ([6]). Let (X,d) be a complete metric space, k a positive integer and f : X* — X . Suppose
that

d(f($1,$27 e amkt)7 f($2,$37 o amk:+1)) S )\maX{d<xi7xi+l) 1 S i S k}
holds for all x1,2a, - ,xk, Trr+1 tn X, where A € [0,1). Then f has a fized point x* € X. Moreover, for
any arbitrary points x1,xa, -+ ,Tp41 in X, the sequence {x,} defined by Tpik = f(Tn, Tnt1, Tntk—1),

for alln € N converges to x*. Moreover, if d(f(u,u,--- ,u), f(v,v,--- ,v)) < d(u,v) holds for all u,v € X
with u # v, then x* is the unique fized point of f.

Recently Rao et al.[4,5] obtained some Presic type theorems for two and three maps in metric spaces.
Now we give the following definition of [4,5].
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Definition 1.3. Let X be a non empty set and T : X** — X and f : X — X.The pair (f,T) is
said to be 2k-weakly compatible if f(T(z,x,...,z,x)) = T(fz, fz,..., fx, fr) whenever x € X such that
fe=T(z,x,..,z,x).

Using this definition, Rao et al. [4] proved the following

Theorem 1.4. ([4]). Let (X,d) be a metric space, k a positive integer and S, T : X** — X, f: X — X
be mappings satisfying:

(1.4.1) d(S(w1, 22, ,228), T(w2, 3, , T2p41)) < A max {d(fzi, friv1)} forallzy, za,- - - Tok, Tap1
in X, o

(1.4.2) d(T(y1,92,+ ,Y2k), S(Y2, Y35+ s Y2r+1)) < A Jmex 1d(fyis fyiv1)} for all yi,ya, -+, Yok, Yor+1
in X, where 0 < A < 1 o

(1.4.3) d(S(u, - ,u), T(v, - ,v)) < d(fu, fv), for allu,v € X with u# v

(1.4.4) Suppose that f(X) is complete and either (f,S) or (f,T) is a 2k— weakly compatible pair.

Then there exists a unique point p € X such that fp=p=S(p,---,p) =T(p, - ,p).
Recently Murthy and Rashmi [8] defined the following function
Definition 1.5. Let ¢ : [0,1] — [0, 1] be such that:

(i) ¢ is increasing and continuous function in each variable,
(ii) ¢(t,t,t,....,t) >t for all t €[0,1].

Using this function,Murthy and Rashmi [8] extended Theorem 1.4 to fuzzy metric spaces as follows.

Theorem 1.6. ([8]) Let (X, M, *)be a fuzzy metric space and S, T : X?* — X, f: X — X be mappings
satisfying for each positive integer k,0 < q < % and t € [0,00):

(161) M(S(I’l, o, ...,mgk_l,l‘gk),T(l‘Q,lﬂg, ceey ng,$2k+1),qt) Z ¢(M(fl’1, fﬁCQ,t), cee ,M(fl‘gk, fI2k+1,t))
for all x1,xo,...,xo511 € X,

(1.6.2) M(T(y1,Y2s -, Y2k—1, Y2k), S (Y25 Y35 -+ Y2ks Y2k+1), qt) = (M (fy1, fya,t), -+ s M(fyzk, fyer+1,t))
for all y1,y2, ..., y2k41 € X,

(1.6.3) M(S(u,u,...;u,u), T(v,0,...,0,0),qt) > M(fu, fv,t)
for all u,v € X with u # v.

Suppose that f(X) is complete and either (f,S) or (f,T) is 2k-weakly compatible pair.
Then there exists a unique p € X such that p = fp=S(p,p,....,0,p) =T (P, D, ..., P, D)-

In this paper, we obtain a Presic type theorem for four mappings satisfying a slight different contractive
condition in fuzzy metric spaces. We also give an example and two corollaries to our main theorem.

First we recall some basic definitions and lemmas which play crucial roles in the theory of fuzzy metric
spaces.

Definition 1.7. (/2/). A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous t-norm if it satisfies
the following conditions:

. * 18 associative and commutative,

. % 18 continuous,

a*x1l=a foralla€0,1],

. a*xb < cxd whenever a < c and b < d, for each a,b,c,d € [0,1].

I Lo do

Two typical examples of a continuous t-norm are a * b = ab and a * b = min{a, b}.

Definition 1.8. ([1]). A 3-tuple (X, M, *) is called a fuzzy metric space if X is an arbitrary (non-empty)
set, * is a continuous t-norm and M is a fuzzy set on X? x (0,00), satisfying the following conditions for
each x,y,2 € X and t,s >0,

(Ml) M(x,y,t) >0,
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(M3) M(z,y,t) =1 if and only if x =y,

(M3) M('Tayvt) = M(yaxat);

(My) M(z,y,t)*« M(y,z,8) < M(z,z,t+ s),
(M5) M(z,y,.):(0,00) — [0,1] is continuous.

Let (X, M, x) be a fuzzy metric space. For t > 0, the open ball B(x,r,t) with center € X and radius
0 < r < 1is defined by B(z,r,t) ={y € X : M(z,y,t) >1—r}.

If (X, M, «) is a fuzzy metric space, let 7 be the set of all A C X with x € A if and only if there exist
t > 0and 0 < r <1 such that B(z,r,t) C A. Then 7 is a topology on X (induced by the fuzzy metric
M). This topology is Hausdorff and first countable.

A sequence {x,} in X converges to z if and only if M(x,,z,t) — 1 as n — oo, for each t > 0. It is
called a Cauchy sequence in the sense of [7] if nh_)rréo M (xy, Tpip,t) = 1, for all t > 0 and each positive

integer p. The fuzzy metric space (X, M, *) is said to be complete if every Cauchy sequence is convergent.

Example 1.9. Let X = [0, 1] and axb = ab for all a,b € [0,1] and let M be the fuzzy set on X x X x (0, c0)
defined by M (z,y,t) = e~ o for allt > 0.Then (X, M, *) is a fuzzy metric space.

Lemma 1.10. ([7]). Let (X, M, *) be a fuzzy metric space. Then M (x,y,t) is non-decreasing with respect
tot, forallz,y € X.

Definition 1.11. (/8]). Let (X, M,x) be a fuzzy metric space. Then M is said to be continuous on
X2x(0,00) if im M(2p,Yn,tn) = M(z,y,t), whenever a sequence { (T, Yn,tn)} in X?x(0,00) converges
n— oo

to a point (z,y,t) € X2 x (0,00).4.e. nl;rrgo M(zp,x,t) = nhHH;O M(yn,y,t) =1 and nhﬁrr;o M(z,y,t,) =
M(z,y,t).
Lemma 1.12. ([3]). Let (X, M,x) be a fuzzy metric space. Then M is a continuous function on
X2 x (0,00).

Now we state the condition (A): tlggo M(z,y,t) =1 for all z,y € X.

We observed that in the proof of Theorem 1.6, the authors Murthy and Rashmi [8] inherently used
the condition(A).
Now we introduce the definition of jointly 2k-weakly compatible pairs as follows.

Definition 1.13. Let X be a nonempty set, k a positive integer and S, T : X** — X and f,g: X — X.
The pairs (f,S) and (g,T) are said to be jointly 2k-weakly compatible if

f(S(z,z,...,x)) = S(fz, fz, ..., fx)

and
9T (z,z,...,2)) = T(gz, gz, ..., gx)

whenever there exists x € X such that fx = S(x,z,...,x) and gz = T(z,x, ..., ).

Now we give our main theorem.

2 Main Result

Throughout this section assume ¢ as in Definition 1.5

Theorem 2.1. Let (X, M, ) be a fuzzy metric space with the condition (A), k a positive integer and
S, T:X% — X and f,g: X — X be mappings satisfying:

(2.1.1) S(X*F) € g(X), T(X?%) C f(X),

M(gxhfy17t)?M(fm2agy27t)a

M(gxg,,fy3,t),M(f.T4,gy47t),
(212) M(S(-Thx?v "'7x2k)aT(y17y2a "'ay2k)aqt) Z ¢ .

M (gzak—1, fy2r—1,1), M (fror, gyor, t)
Vl']_,mQ, w2k, Y1, Y2, -5 Y2k € X7Vt > an <g< 17
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(2.1.3) (f,S) and (g,T) are jointly 2k-weakly compatible pairs.
(2.1.4) Suppose z = fu = gu for some u € X whenever there exists a sequence
{Y2r+n 221 in X such that lim yopyn = 2 € X.
n—oo

Then z is the unique point in X such that z = fz =gz = S(z,2,..,2,2) =T(z, 2, ..., 2, 2).

Proof. Suppose z1, 23, ..., Zok are arbitrary points in X. From (2.1.1),we define
Yok+2n—1 = S(T2n—1,T2n, s T2kt2n-2) = GT2h+2n—1

Yokt2n = T(T2n, Tang1, s Takyon—1) = fTorton
forn=1,2,....
Let agy, = M(fxan, 9Tont1, qt) and agp—1 = M(gxon—_1, fTan,qt) for n =1,2, ...

Put 6 = | and p = min{f1= HF , 02 H\/@ LRSS O‘2’“} Then 6 > 1.

By the selection of u, we have

—_9n\?
oy > (Z+9n) for n=1,2,...,2k (1)
Consider
Qops1 = M(gxopq1, frorsa, qt)
= M(S(x1,22,..., Top—1, To), (22, T3, ..., Tog, Tary1), qt)
> (M (gz1, fra,t), M(fra, gr3,t), ... M(fror, gror11,1))
> d(ag, g, ..., op—1, Qo) , since M(z,y,.) and ¢ are increasing
2 2\ 2 2k 2
w—20 w—40 uw—=0
> vy | ——~ f 1
_¢<<u+9> ’<u+92> ’ ’<u+92’“) ) rom (1)
2 2 2
>¢ M_92k M_92k M_92k
- /‘l‘+02k ? M+02k 17t ‘u_'_QQk
_92k 2
> <M+92k) , since ¢ (t,t,...,t) >t
I
_ p2k+1N 2
> (P9
— /’L+02k+1
Thus )
[ — g2k
Q2f41 2 (/H—H%'H (2)
Also

Qo2 = M(fropyo, gTonys, qt)
= M(S($37.'L'4,$5, Tg, "-7$2k+17 $2k+2)7T(.T27.’L'37$4, L5y eeey T2k, $2k+1),qt)
> ¢(M(gxs, fra,t), M(fry, grs,t), ..., M(fropy2, gTort1,1))

Z ¢(a2,a3,a4,a5, "'7a2k7a2k+1)

2 2 2 2
>¢ M_GQ M_o?) /J,—92k M_02k+1
=?\\irez) u+93 o\ pt 0% ) it o2

- g2k+1 M_92k+1 2 M_92k+1 2
ILL+02]€+1 9 Iu+02k+1 g eeey ﬂ+92k+1

o
2k+1 _ p2k+2\ 2
p—0 2 p—0
/J’+92k+1 M+92k+2

Y

Y
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Thus phsan 2
Q2kt2 2 <Z+Z%+2> (3)
Continuing in this way,we have )
an_(,ﬁ—?—ﬁ) ,n=1273 (4)

Now consider

(Y2k-+2n—1, Y2k+2n, qt) , since ¢ < 1 and M(x,y,.) is increasing

S (xanla T2n, L2415 ---L2k42n—3, 1’2k+2n72) s
T (Ton, T2n+1s T2n42; - -L2k42n—2, L2kt2n—1) » Gt

M (Yakt2n—1, Y2kt2n,t) >

M
M
M(9$2n—1a fron, t)v M(fonv 9Ton+1, t),

d) M(gx2n+17fz2n+27t)aM(fx2n+27gx2n+33t)7

>
...................................................... ;
M(9xok12n—3, frorson—2,t), M(frorion—2, 9Tokton—1,1)
> ¢ (Q2n—1,Q2n, O2p 41, oy A2k g2n—3, A2kt2n—2) , since ¢ and M are increasing
_ g1 2 _p2n 2 _ p2k+2n—2 2
> (X (- o (PN ) rom (4
i + 9271—1 i + 9271 I + 92/€+2n—2

» [ g2k+2n—2 2 [ g2k+2n—2 2 [ g2k+2n—2 2
= [+ 02F2n=2 | 0\ [ g2kt2n=2 | 0y g2kt an—2
_ n2k+2n—2\ 2
N
=\ + g2F+2n—2

- g2k+2n—1 2
> — .
= <N+ 92k+2n1>

M (yakt2n—1, Y2k+2n,t) > (

Thus
[ 92k+2n—1 2
[+ 92k+2n1)

Also

M (y2rt2n, Y2kt2nt1,t) > M (Y2rt2on, Y2k+2n41,qt) , since ¢ < 1 and ¢ is increasing
M

S (Tan41, T2ant25 T2n43, o) L2k42n—15 L2k+2n) 5
T (Ian To2n+41y L2042y «++y L2k+2n—2, I2k+2n—1) ) qt ’

M(gxant1, fron,t), M(franio, gTons1.t),
M(9$2n+3, fx2n+2v t), M(f$2n+4, gT2n+3, t)a

M(gxokt2n—1, frokyon—2,t), M(fTort2n, 9T2k42n—1,1)

Y

¢

> ¢ (02, A2n41, ooy 24202, 2k +2n—1)

¢
w— 92n 2 "w— 92n+1 2 o“w— 92k+2n—1 2 ; A
(b 1 + 9271 ? H’+ 02n+1 10 L + 02k+2n71 rom ( )
_ 2 n— 2 n— 2
S (b “w— 92k+2n 1 w— 92k+2 1 w— 92k+2 1
- o+ f2k+2n—1 ’ o+ f2k+2n—1 r o+ f2k+2n—1

[ — f2+2n—1
> R
= (M T+ g2k+2n—1

_ p2k+2n\ 2
> (A7 0 .
— M+02k+2n

Y

2
> , since @(t, t,t,....,t) > t
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Thus -
M (yok+2n, Y2k+2n+1,1) > <Z;§2,;2:) (6)
Hence from (5) and (6)we have
w— 92k+n
M (Yoktn, Y2k+nt1,t) > (W) for n=1,2, .. (7)

Now for n,p € N, we have
t t t
M(y2k+m Y2k+n+p> f) > M(y2k+7u Y2k+n+1, ];) * M(Z/2k+n+1a Y2k+n+2; 5) * ok M Y2k+n+p—15 Y2k+n+p, Z;
2k+n \ 2 2k+n+1\ 2 2k+n+p—1\ 2
w—20 w—=0 w—20

> <M+92k+n) * (M+92k+"+1> XLk <M+92k+n+p_1 ,from (7)

—1x1x1x*x...xlasn — o0

=1.

Hence {yak4n} is a Cauchy sequence in X.
Since X is complete,there exists z € X such that yogn, — 2z as n — oco.
From(2.1.4),there exists u € X such that
z= fu=gu (8)

Now consider
M (S (u,u, ..., u,w) , Yagt2n, gt) = M (S (u, uy ...,y u) , T (Zon, Tant1ys ey Tant2k—25 Tant2k—1) 5 qt)
M (gu, fxon,t), M (fu, gxont1,t),
M (gu, franiok—2,t), M (fu, grors2n—1,t)
Letting n — oo and using (8),we get
M(S(uyty,.oyu, ), fu,qt) > ¢(1,1,...,1,1) > 1

which implies that

S(u,ty ..., u,u) = fu (9)
Similarly we can prove that
T(u,t,...,u,u) = gu (10)
Since (f,S) and (g,T) are jointly 2k-weakly compatible pairs, we have
fz=f(fu) = f(S(u,u,...,u)) = S(fu, fu, ..., fu) = S(z, 2, ..., 2) (11)
and also
gz =T(2,2,...,2,2) (12)
Now consider
M(fz,z,qt) = M(S(z,2,....,2,2), T LU, u), qt), from (11), (8), (10)
M(gz, fu,t), M fz gu, t),
L | Ao Tt M(F2 gu),
(ngUt) ....... fZQUt
min {M gz, z,t), M(fz,z,t)},
> 6 min{M (gz, z,t), M (fz,2,t)},

win {M (g2, 5,1), M (2 2.}
> min{M (gz,z,t), M (fz,2,t)}.
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Thus
M (fz,2z,qt) > min {M (gz,2,t) , M (fz,2,t)} (13)
Similarly,we can show that
M (g9z,2z,qt) > min{M (z, fz,t), M (z,g92,t)} (14)
Thus from (13)and (14),we have
min{M (fz,z,qt), M(g9z,2,qt)} > min{M (z, fz,t), M(z,g2,t)}
which inturn yields from condition(A) that
z=fz and z=gz (15)
From (11),(12)and (15),we have
z=fz=g92=95(2,2,....,2) =T(2,2,....2) (16)
Suppose there exists 2’ € X such that
2 =f =g =8, =T L2 2
Then from (2.1.2) we have
M(z, 2, qt) = M(S(z, 2),T(Z, 2, ..., %), qt)
M (gz, fz t), M (fz,g2',t),
M (gz, fz',t) M (fz,92',t),

M (gz, fz t), M (fz,92,t)
=¢(M(z,2',t),M(z,2',t),... M(2,2',t))
> M(z,2',t)
From the condition(A), we have 2’ = z.
Thus z is the unique point in X satisfying (16). O

Now we give an example to illustrate our main Theorem 2.1.

Example 2.2. Let X = [0,1],a b = ab, M (z,y,t) = e S and k = 1.Define ¢ : [ 1]2 — [0,1] as

¢(r1,22) = min{ay, o }.Let S, T X?2 5 X and f,g: X — X be defined as S(z,y) = 32 A T(z,y) =

2
%, fr=7% and gr= T' Now for x1,x2,y1,y2 € X, we have

= 7|
§12

|S(w1,22) — T(y1,y2)| = |3Il+2m2 - 2y1+3y2|

322 — 2y; + 229 — 3y3|
max{|3z] — 211, [222 — 3y3|}.

Now, we have
_1S(z1,22) =T (y1,y2)|

M(S(‘Tlﬁ‘TQ)vT(yhyQ)a%t) =e 5t
1 max{|33 —2yq|,[223—3v3|}
>e i
max{|32% —2y1 |,|229 —3y3|}
= e 12¢

2
x Y
Yy x
Comax{| - 22

=€

2 2
> mi A
2 minq - . . .

= mln{M(gl‘hfyht) (f'r27gy27t)}
_d)( (gI1,fy1, ) M(fl'Q,ng, )

Thus (2.1.2) is satisfied with q = .
One can easily verify the remaining conditions of Theorem 2.1. Clearly 0 is the unique point in X satisfying
(16).
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Corollary 2.3. Let (X, M,*) be fuzzy metric space with the condition (A) and S,T : X?* — X and
f: X — X be mappings satisfying:

(2.3.1) S(X?) C F(X), T(X?) C f(X),

(232) M(S(Qfl, T2y eeny ka)7 T(yh Y2, ..ey ka)7 qt) Z (b (M(th fyla t)7 M(foJ fy27 t)7 sy M (foka fy2k7 t))

V1, T2y s Lok, Y1, Y2, -, Y2k € X,VE>0 and 0 < g < 1,

(2.3.3) f(X) is a complete subspace of X.
(2.3.4) Either (f,5) or (f,T) is a 2k-weakly compatible pair. Then there exists a unique u € X such that

u= fu=Su,u,..,uu) =T(uu,..uu).

Corollary 2.4. Let (X, M, *) be a complete fuzzy metric space with the condition(A) and S, T : X?¢ — X
be mappings satisfying:

(241) M(S(x17x2v~'7$2k)7T(y17y27 "'7y2k:)7qt) > QS(M (xlvylvt)7M($27y27t)7"‘7M(x2kvy2kat))

VX1, 22, ooy Lok Y1, Y2, s Yor € X,VE>0 and 0 < g < 1.

Then there exists a unique u € X such that u = S(u,u,...,u) = T(u,u, ..., u).
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